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Notación

X población; variable aleatoria X : Ω −→ R
X1, ..., Xn muestra aleatoria simple = variables aleatorias

independientes e idénticamente distribuidas como X

F (·) función de distribución de X

f(·) función de densidad de X

T estad́ıgrafo; variable aleatoria T : X(Ω)n −→ R
FT (·) función de distribución de T

fT (·) función de densidad de T
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Muestra ordenada

X⃗(·) : X(Ω)n −→ Rn

X⃗(ω) = (x1, ..., xn) 7−→ (x(1), ..., x(n))

donde (x(1), ..., x(n)) es una permutación de (x1, ..., xn) tal que

mı́n
1≤i≤n

xi = x(1) ≤ x(2) ≤ · · · ≤ x(n) = máx
1≤i≤n

xi

k-ésimo estad́ıgrafo de orden

X(k) : X(Ω)n −→ R
X⃗(ω) = (x1, ..., xn) 7−→ x(k)
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Distribución de estad́ıgrafo de orden

FX(n)
(x) = F (x)n

FX(1)
(x) = 1− [1− F (x)]n

FX(k)
(x) =

n∑
i=k

(
n

i

)
F (x)i[1− F (x)]n−i

Para el último, considérese

n∑
i=1

1(−∞,x](Xi)∼ B(n, F (x))

Densidad de estad́ıgrafo de orden

Si X es continua:

fX(k)
(x) = n!f(x)

F (x)k−1

(k − 1)!

[1− F (x)]n−k

(n− k)!
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Densidad de estad́ıgrafo de orden

fX(k)
(x) = n! f(x)

F (x)k−1

(k − 1)!

[1− F (x)]n−k

(n− k)!

k = n

fX(n)
(x) =

dFX(n)
(x)

dx
=

dF (x)n

dx
= n f(x)F (x)n−1
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Densidad de estad́ıgrafo de orden

fX(k)
(x) = n! f(x)

F (x)k−1

(k − 1)!

[1− F (x)]n−k

(n− k)!

k = 1

fX(1)
(x) =

dFX(1)
(x)

dx
=

d{1− [1− F (x)]n}
dx

= n f(x)[1− F (x)]n−1
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Densidad de estad́ıgrafo de orden

fX(k)
(x) = n! f(x)

F (x)k−1

(k − 1)!

[1− F (x)]n−k

(n− k)!

1 < k < n

fX(k)
(x) =

dFX(k)
(x)

dx
=

d
{∑n

i=k

(
n
i

)
F (x)i[1− F (x)]n−i

}
dx

=
d
{
F (x)n +

∑n−1
i=k

(
n
i

)
F (x)i[1− F (x)]n−i

}
dx

= n f(x)F (x)n−1 +

n−1∑
i=k

(
n

i

)
i f(x)F (x)i−1[1− F (x)]n−i

−
n−1∑
i=k

(
n

i

)
F (x)i(n− i) f(x)[1− F (x)]n−i−1
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Densidad de estad́ıgrafo de orden

fX(k)
(x) = n! f(x)

F (x)k−1

(k − 1)!

[1− F (x)]n−k

(n− k)!

1 < k < n

fX(k)
(x) =

n−1∑
i=k

(
n

i

)
i f(x)F (x)i−1[1− F (x)]n−i + n f(x)F (x)n−1

−
n−1∑
i=k

(
n

i

)
F (x)i(n− i) f(x)[1− F (x)]n−i−1

=
n∑

i=k

n!

(i− 1)! (n− i)!
f(x)F (x)i−1[1− F (x)]n−i

−
n∑

i=k+1

n!

(i− 1)! (n− i)!
f(x)F (x)i−1[1− F (x)]n−i
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Densidad de la muestra ordenada

fX⃗(·)
(x1, ..., xn) = n!

n∏
i=1

f(xi)1(x1 ≤ ... ≤ xn)

X1X(1)

X2X(2)

x(1) = x1
x(2) = x2

(x1, x2)

(x1, x2)

x(1) = x2
x(2) = x1

(x2, x1)

fX(1),X(2)

=

2 · fX1,X2

(x2, x1) = (x(1), x(2))
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Densidad de la muestra ordenada

fX⃗(·)
(x1, ..., xn) = n!

n∏
i=1

f(xi)1(x1 ≤ ... ≤ xn)

Demostración

Cada muestra ordenada proviene de n! muestras.

Alternativas:

usar Teorema de Cambio de Variable
usar función de distribución y derivar
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Densidad de la muestra ordenada

fX⃗(·)
(x1, ..., xn) = n!

n∏
i=1

f(xi)1(x1 ≤ ... ≤ xn)

Teorema de Cambio de Variable

Sean

X continua en S =
⋃
i∈I

Ai con I numerable, Ai ∩Aj = ∅ si i ̸= j

g es diferenciable y tiene inversa g−1
i en cada Ai

Entonces Y = g(X) tiene densidad

fY (y) =
∑
i∈I

fX
(
g−1
i (y)

)∣∣(g−1
i )′(y)

∣∣ y ∈ g(S)

Inferencia Estad́ıstica Estad́ıgrafos de orden 24 de septiembre de 2024 11 / 15



Densidad de la muestra ordenada

fX⃗(·)
(x1, ..., xn) = n!

n∏
i=1

f(xi)1(x1 ≤ ... ≤ xn)

Demostración por T.C.V.

Considerar los n! subespacios de Rn

A1 = {x ∈ Rn | x1 < x2 < · · · < xn−1 < xn}
A2 = {x ∈ Rn | x2 < x1 < · · · < xn−1 < xn}

...

An! = {x ∈ Rn | xn < xn−1 < · · · < x2 < x1}

En cada Ai la muestra ordenada es una permutación con jacobiano ±1

fX(·)(x1, ..., xn) =

n!∑
i=1

n∏
i=1

f(xi)|±1|
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Densidad de la muestra ordenada

fX⃗(·)
(x1, ..., xn) = n!

n∏
i=1

f(xi)1(x1 ≤ ... ≤ xn)

Demostración directa para n = 2

FX(1),X(2)
(a, b) = Pr

[
X(1) ≤ a ∩X(2) ≤ b

]
= Pr[X1 ≤ a ∩X2 ≤ b ∩X1 ≤ X2] + Pr[X2 ≤ a ∩X1 ≤ b ∩X2 < X1]

=

∫ a

−∞

∫ b

x1

f(x2) dx2 f(x1) dx1 +

∫ a

−∞

∫ b

x2

f(x1) dx1 f(x2) dx2

=

∫ a

−∞
[F (b)− F (x1)]f(x1) dx1 +

∫ a

−∞
[F (b)− F (x2)]f(x2) dx2

=

∣∣∣∣−1

2
[F (b)− F (x1)]

2

∣∣∣∣a
x1=−∞

+

∣∣∣∣−1

2
[F (b)− F (x2)]

2

∣∣∣∣a
x2=−∞
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Densidad de la muestra ordenada

fX⃗(·)
(x1, ..., xn) = n!

n∏
i=1

f(xi)1(x1 ≤ ... ≤ xn)

Demostración directa para n = 2

FX(1),X(2)
(a, b) = Pr

[
X(1) ≤ a ∩X(2) ≤ b

]
= F (b)2 − [F (b)− F (a)]2

=⇒ fX(1),X(2)
(a, b) =

∂FX(1),X(2)
(a, b)

∂a ∂b
= 2 f(a)f(b)
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Demostración directa para n = 3

FX(1),X(2),X(3)
(a, b, c) = Pr

[
X(1) ≤ a ∩X(2) ≤ b ∩X(3) ≤ c

]
= 3! Pr[X1 ≤ a ∩X2 ≤ b ∩X3 ≤ c ∩X1 ≤ X2 ≤ X3]

= 6

∫ a

−∞

∫ b

x1

∫ c

x2

f(x3) dx3 f(x2) dx2 f(x1) dx1

= 6

∫ a

−∞

∫ b

x1

[F (c)− F (x2)]f(x2) dx2 f(x1) dx1

= 6

∫ a

−∞

∣∣∣∣−1

2
[F (c)− F (x2)]

2

∣∣∣∣x2=b

x2=x1

f(x1) dx1

= 3

∫ a

−∞

{
[F (c)− F (x1)]

2 − [F (c)− F (b)]2
}
f(x1) dx1

=
∣∣∣−[F (c)− F (x1)]

3
∣∣∣a
x1=−∞

− 3[F (c)− F (b)]2F (a)
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Demostración directa para n = 3

FX(1),X(2),X(3)
(a, b, c) = Pr

[
X(1) ≤ a ∩X(2) ≤ b ∩X(3) ≤ c

]
=

∣∣∣−[F (c)− F (x1)]
3
∣∣∣a
x1=−∞

− 3[F (c)− F (b)]2F (a)

= F (c)3 − [F (c)− F (a)]3 − 3[F (c)− F (b)]2F (a)

=⇒ fX(1),X(2),X(3)
(a, b, c) =

∂FX(1),X(2),X(3)
(a, b, c)

∂a ∂b ∂c
= 6 f(a)f(b)f(c)
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