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Abstract

Stochastic dominance, which is based on the comparison of distribution func-
tions, is one of the most popular preference measures. However, its use is limited
to the case where the goal is to compare pairs of distribution functions, whereas
in many cases it is interesting to compare sets of distribution functions: this
may be the case for instance when the available information does not allow to
fully elicitate the probability distributions of the random variables. To deal with
these situations, a number of generalisations of the notion of stochastic domi-
nance are proposed; their connection with an equivalent p-box representation of
the sets of distribution functions is studied; a number of particular cases, such
as sets of distributions associated to possibility measures, are investigated; and
an application to the comparison of the Lorenz curves of countries within the
same region is presented.

Keywords: Distribution function, stochastic dominance, probability boxes,
possibility measures, Lorenz curves.

1. Introduction

The comparison of random variables is a natural problem that arises in
many fields, and for this reason there are many different proposals in stochas-
tic ordering. One of the most popular is stochastic dominance. First degree
stochastic dominance considers one random variable greater than another one
when the first one is more likely to take greater values. Although this notion
has been employed since the 1930s, it has been in the last decades when it has
witnessed increasing popularity; this is testified by the applications of stochas-
tic dominance many different areas, such as economics [7], social welfare [4],
agriculture [26], operational research [37], etc.

It is not uncommon, however, to encounter situations where there is uncer-
tainty about the probability distributions underlying the random variables of
interest; we may for instance have vague or conflicting information, or errors
in the transmission of the available data. This results in the impossibility of
eliciting the probability distribution with certain guarantees. Instead, we may
consider more realistic to work with sets of probability distributions which are
sure to include the ‘true’ one. In other situations, we may be able to work with
precise probability measures, but we may be interested in comparing the sets of
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probability distributions induced by random variables that share some common
features.

Our goal in this paper is to extend the notion of stochastic dominance to
the comparison of sets of distribution functions, following the steps made by
Denoeux for the particular case of belief and plausibility measures [13]. After
giving some preliminary concepts in Section 2, we overview in Section 3 the work
by Denoeux and generalise his work to arbitrary sets of probability measures.
We investigate the relationships between the different definitions and study their
main properties, detailing their connection with the notions proposed in [13].

In Section 4, we investigate a number of particular cases which are of interest
in relation to other works, such as the comparison of possibility measures by
means of stochastic dominance or the comparison of two sets of distribution
functions with the same lower and upper bounds. Our work is illustrated in
Section 5 with an application to the comparison of sets of Lorenz curves. Finally,
in Section 6 we discuss the main implications of our results and future lines of
research. We have gathered a number of examples in an appendix.

We shall restrict our work to random variables taking values on the unit
interval; since this is homeomorphic to any closed interval on the real line, the
results extend immediately to distribution functions taking values on any in-
terval [a,b], where a < b € R. In fact, our work can be easily generalised to
any totally ordered space, simply by adding a smallest and greatest value. On
the other hand, we shall work with sets of o-additive probability measures, to
be closer to the usual works on stochastic dominance. This gives rise, how-
ever, to a number of additional complications with respect to the usual works
with non-additive measures, which are based on sets of finitely additive prob-
ability measures. To which extent this assumption makes a difference in the
corresponding results shall be discussed in Section 3.

2. Preliminary concepts

2.1. Stochastic dominance

The notion of stochastic dominance between random variables is based on
the comparison of their corresponding distribution functions. In this paper, we
are going to work with random variables taking values on [0,1]. The distribution
function is thus defined in the following way:

Definition 1. A cumulative distribution function (cdf) is a function F : [0,1] —
[0, 1] satisfying the following properties:

o r <y= F(x) < F(y) Vx,y [Monotonicity].

e ['(1) =1 [Normalisation]|.

o F(x)=lim. o F(x + ¢€) Vo < 1 [Right-continuity].

When F' satisfies the properties of monotonicity and normalisation, it is
associated to a finite additive probability distribution, and we shall call it a
finitely additive distribution function.

One of the most popular methods for the comparison of cdf is stochastic
dominance [30, 36, 44]:



Definition 2. Given two cumulative distribution functions F' and G, we say that
F stochastically dominates G, and denote it F' >psp G, if

F(t) < G(t) for every t € [0,1]. (1)

This definition produces a partial order in the space of cumulative distribu-
tion functions, from which we can derive the notions of strict stochastic domi-
nance, indifference and incomparability:

e We say that F' strictly stochastically dominates G, and denote it by
F ~rsp G, if ' =rsp G but G %FSD F. This holds if and only if
F < G and there is some ¢t € [0, 1] such that F(t) < G(t).

e F and G are stochastically indifferent if F »gsp G and G >psp F, or
equivalently, if F' = G.

e F and G are stochastically incomparable if F' #rsp G and G #psp F.

Stochastic dominance is commonly used in economics and finance [14, 24]
and can be given the following interpretation: F' >»psp G means that the choice
of F over (G is rational, in the sense that we prefer the alternative that provides
greater probability of having a greater profit. The notion has also been used
in other frameworks such as reliability theory, statistical physics, epidemiology,
etc (see [30, 36, 44] for more information).

2.2. P-boxes

Our goal in this paper is to extend the notion of stochastic dominance to
the case where we consider sets of probability measures instead of a single one.
As a consequence, we shall work within the theory of imprecise probabilities.
The term imprecise probability [48] refers to uncertainty models applicable in
situations where the available information does not allow us to single out a
unique probability measure for all random variables involved. Examples of such
models include 2- and n-monotone capacities [11], lower and upper previsions
[48], belief functions [1, 43], credal sets [29], possibility and necessity measures
[16], interval probabilities [49], and coherent risk measures [3].

One such model is considered in this paper: pairs of lower and upper distribu-
tion functions, also called probability bozes, or briefly, p-boxes [18, 19]. P-boxes
are often used in risk or safety studies, in which cumulative distributions play
an essential role. Many theoretical properties and practical aspects of p-boxes
have already been studied in the literature. They have been connected to other
uncertainty models, such as random sets [28] and possibility measures [47], and
have been applied in different contexts [21, 38].

Definition 3. A probability box, or p-box for short, (F, F) is the set of cumu-
lative distribution functions bounded between two finitely additive distribution
functions F' < F. We shall refer to F as the lower distribution function and to
F as the upper distribution function of the p-box.

Note that F, F need not be cumulative distribution functions, and as such
they need not belong to the set (F, F'); they are only required to be finitely
additive distribution functions.



If we let F be a set of cumulative distribution functions, its associated p-box
(F, F) is determined by

F(z):= I}‘IGIE__F(.L), F(x) = ;Lelp}F(x) V€ [0,1]. (2)

We shall determine later to which extent the preferences between two sets of
cumulative distribution functions coincide with the preferences between their
agsociated p-boxes, and if furthermore these preferences can be summarised by
the lower and upper distribution functions they induce.

Note that F need not coincide with the set of distribution functions associ-
ated to the p-box (F,F) (it may be a proper subset) and on the other hand F
and F need not belong to (F, F): although the infimum F of a set of cumulative
distribution functions is again a cumulative distribution function, their supre-
mum may be only a finitely additive distribution function (i.e., it need not be
right-continuous), and as a consequence it need not belong to the p-box (F, F).
That p-boxes are usually less informative than sets of probability measures,
and may thus increase the imprecision, is already well-known (see for instance
[5, 15, 28] for comments on this in the context of random set theory).

3. Imprecise stochastic dominance

A first approach to the extension of stochastic dominance to an imprecise
framework was made by Denoeux in [13].

3.1. Stochastic dominance for belief and plausibility measures

Consider two random variables U and V such that P(U < V) = 1. They
can be equivalently represented as a random interval [U, V], which in turn [12]
induces the following belief and plausibility functions:

bel(A) = P([U,V] C A) and pl(A) = P([U,V]N A # 0),
for every element A in the Borel sigma-algebra B(R). This implies that
bel((—o0, z]) = Fy () and pl((—o0,z]) = Fy(z) Va € R.
The associated set of probability measures P is given by:
P = {P probability : bel(A) < P(A) < pl(A) for every A € B(R)}.

Now, if we consider two random closed intervals [U, V] and [U’, V'], one pos-
sible way of comparing them is to compare their associated sets of probabilities:

P = {P probability : bel(A) < P(A) < pl(A) for every A € B(R)}.
P’ = {P probability : bel’(A) < P(A) < pl'(A) for every A € B(R)},

where bel” and pl’ are the belief and plausibility functions induced by [U’, V'],
respectively.

Based on the usual ordering between real intervals (see [20]), Denoeux [13]
proposed the following notions:

e P> P & pl'((x,00)) < bel((x,00)) for every z € R.



o P
o P

s P < pl'((z,00)) < pl((z,00)) for every z € R.
> P & bel'((x,00)) < bel((x,00)) for every z € R.
o P 2P & bel'((x,00)) < pl((x,00)) for every x € R.

The above notions can be characterised in terms of the stochastic dominance
between the lower and upper limits of the random intervals:

Proposition 1. [13, Proposition 3] Let [U, V] and [U’, V'] be two random closed
intervals, and let P and P’ their associated sets of probability measures. The
following equivalences hold:

e P>P & U=psp V.
e P3P & U =psp U'.
e P>P &V =psp V.
e P>2P &V =psp U'.

Moreover, they can also be represented in an equivalent way by means of
p-boxes: if we consider the set of distribution functions induced by P, we obtain

{F:Fv < F<Fy},

i.e., the p-box determined by Fy and Fy. Similarly, the set P’ induces the
p-box (Fy+, Fy), and Denoeux’s definitions are equivalent to comparing the
lower and upper distribution functions of these p-boxes, as we can see from
Proposition 1. Note moreover that the same result holds if we consider finitely
additive probability measures instead of o-additive ones, because both of them
determine the same p-box and the lower and upper distribution functions are
included in both cases.

3.2. Extension to pairs of sets of distribution functions

One important property of the sets P, P’ considered above is that the sets of
distribution functions they induce include their lower and upper distributions.
As we shall see, this is not necessarily the case when we start from arbitrary
sets of probability measures, and as a consequence their comparison by means
of the lower and upper distribution functions may produce a loss of information.

In this section, we propose a number of definitions that extend Denoeux’ ones
to arbitrary sets of probability measures. Given a set of probability measures P
on [0, 1], we shall denote by F = {Fp : P € P} its associated set of cumulative
distribution functions.

Definition 4. Let P1, P2 be two sets of probability measures on [0,1], and let
F1,F2 be their associated sets of distribution functions. We say that P;:

e (FSD,) stochastically dominates Ps, and denote it by F; =psp, F2 if and
only if for every Fy € Fi, Fy € F it holds that Fy < Fb.

e (FSDy) stochastically dominates Py, and denote it by F1 >rgp, F2 if and
only if there is some Fy € F1 such that F} < F5 for every Fy € Fo.

e (F'SDs3) stochastically dominates P, and denote it by F1 >psp, F2 if and
only if for every Fy € Fs there is some Fy € Fj such that Fy < Fs.



e (F'SD,) stochastically dominates Ps, and denote it by 71 =psp, F2 if and
only if there are I} € F1, Fy € F5 such that F; < Fj.

e (F'SDs) stochastically dominates Ps, and denote it by F1 =psp, F2 if and
only if there is F5 € F5 such that Fy < F for every F € Fi.

e (FSDg) stochastically dominates Py, and denote it by F; >=rsp, Fz if and
only if for every Fy € F; there is Fy € F5 such that Fy < Fs.

Figure 1: Examples of the several definitions of imprecise stochastic dominance.

An illustration of the above definitions is given in Figure 1, where we com-
pare the set of distribution functions represented by a continuous line (that we
shall call continuous distributions in this paragraph) with the set of distribution
functions represented by a dotted line (that we shall call dotted distributions).

On the one hand, in the left picture the set of continuous distributions
(F'SDs)-stochastically dominates the set of dotted distributions. In the right
picture, there is a continuous distribution that dominates all dotted distribu-
tions, and a dotted distribution which is dominated by all continuous distribu-
tions. This means that the set of continuous distributions stochastically domi-
nates the set of dotted distributions with respect to second to sixth definitions.
Since there is also a dotted distribution that is dominated by a continuous distri-
bution, we deduce that the set of continuous distributions and the set of dotted
distributions are equivalent with respect to the fourth definition.

The conditions in Definition 4 can be given the following interpretation.
(FSD;) means that any distribution function in F; stochastically dominates
any distribution function in 2, and as such it is related to the idea of interval
dominance from decision making with sets of probabilities [50]. Conditions
(FSDs3) and (FSD3) mean that the ‘best’ case in Fj is better than the ‘best’
case in F5. The difference between them lies in whether there is a maximal
element in F; U F3 in the partial order determined by stochastic dominance.
These two conditions are related to the I'-maximax criteria considered in [42].
On the other hand, conditions (F'SDj5) and (F.SDg) mean that the ‘worst’ case
in F; is better than the ‘worst’ one in F», and are related to the I'-maximin
criteria in [8, 22]. Again, the difference between them lies in whether there is
a minimum element in the order determined by stochastic dominance or not.
Finally, (FSD,) is a weakened version of (F.SD;), in the sense that it only
requires that some element in F; is preferred to some other element in Fo,
instead of requiring it for any pair in Fi, Fo.



Remark 1. None of the above definitions induces an order, in the sense that
none of the relationships >wgp, we can define on the sets of distribution func-
tions satisfies simultaneously the properties of reflexivity, antisymmetry and
transitivity. Specifically, it is not difficult to show that:

® rsp, is transitive and antisymmetric, but not reflexive.

® ~rsp, and >wsp, are transitive, but they are neither reflexive nor anti-
symmetric.

® ~rsp, and >wsp, are transitive and reflexive but they are not antisym-
metric.

e ~rgp, is reflexive, but it is neither transitive nor antisymmetric.

Moreover, even if (F'SD;) induces the only antisymmetric relation, it can never
be applied in the imprecise case: F1 >wsp, F2 and F2 >psp, F1 imply that
Fi=F,={F}. ¢
From any of these definitions we can infer immediately a relation of strict
stochastic dominance and another one of stochastic indifference: we have
Fi1 =¥sp, F2 < F1 =rsp, F2 and Fa frsp, Fi
and

Fi =rsp; F2 & F1 =rsp, JFo2 and Fo =rsp, Fi,

and this for any ¢ = 1,...,6. Moreover, we shall say that /7 and JF, are
incomparable with respect to (FSD;) when Fi Zrsp, F2 and Fo Zrsp, Fi-

The relationships between these definitions are depicted in the following
proposition.

Proposition 2. Let Fi, Fy be two sets of edfs on [0, 1].

a) The implications between the conditions of stochastic dominance are given
by Figure 2.

Figure 2: Relationships between the different definitions.

b) Concerning strict stochastic dominance,

— (F'SDs) strict stochastic dominance implies (F'SDs) strict stochastic
dominance.



— (F'SDs) strict stochastic dominance implies (F'SDg) strict stochastic
dominance.

Proof. The first part follows immediately from the definitions, so we only prove
the statement about strict stochastic dominance. To see that >rsp,=>rsDs,
note that from the first part, if 71 >rsp, F2 then Fi >rgp, F2. To see that
there is strict preference, assume that /i =rsp, F2. Then given the F; € F;
such that Fy < Fy YF, € Fs, there should be some F, € F, such that F, < Fy,
whence F] = FQI and therefore F; =pgp, F2, a contradiction.

The proof of the implication >psp,=>rsp, is similar. O]

Example 1 in the Appendix shows that there is no additional implication
between the notions of stochastic dominance or strict stochastic dominance. It
is not difficult to see that the same implications represented in Figure 2 also
hold for the derived relationships of stochastic indifference, and that there is no
additional implication.

Remark 2. In some cases, it may be interesting to combine some of these defini-
tions, for instance to consider J; preferred to 2 when it is preferred according
to definitions (F'SD) and (F'SDs). Taking into account the implications de-
picted in Proposition 2, the combinations that produce new conditions are those
where we take one condition out of {F.SDs, FSD3} together with one out of
{FSDs,FSDg}.

If we combine for instance (F'SDs) with (F'SDs), so that

F1 = Fa & Fi =rsp, F2 and Fi =rsp; Fo,

we would be requiring that F; has a best-case scenario which is better than
any situation in Fs and that F> has a worst-case scenario which is worse than
any situation in Fi. This turns out to be an intermediate condition between
(FSD1) and each of (FSDs),(FSDs), and it is not difficult to show that it is
not equivalent to any of them.

Related results can be found in [13, Proposition 2] and in Section 4.1 later
on; however, note that in both cases we consider we consider a situation of
increase of the imprecision, which, in the context of [13], ends up producing the
relationships F; =psp, F2 and F2 =psp, F1- ¢

Stochastic dominance between sets of probabilities can be studied by means
of a p-box representation. Given any set of probability measures P, its associ-
ated set of distribution functions F induces a p-box (F, F') by means of Eq. (2).
Our next result relates the different definitions of stochastic dominance for sets
of probabilities to their associated p-box representation:

Proposition 3. Let F1, F2 be two sets of cumulative distribution functions, and
denote by (F'1, F1) and (Fo, F2) the p-boxes they induce.

1. Fi =psp, Fo & F1 < F,.
Fi =Fsp, Fo = I < F,.
F1 =rsp, Fo = Fy < F,.
F1 =rsp, Fo = F; < F.
F1 =rsp; Fo = F1 < F
F1 =rspg F2 = Fi

2.
2.

O T W

INIA
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Proof. (1) Note that F1 =psp, Fo if and only if Fy < F» for every F; €

F1,Fy € Fy, and this is equivalent to F1 = sup F; < inf Fy = F,.
FieF, FyeFs

(3) By hypothesis, for every Fy € Fy there is some Fy € F; such that Fy < Fb.
As a consequence, F; < FZ VFy, € Fo = F <infpecr, Fo = F,.
(4) If there are Fy € Fy and Fy € Fy s.t. Fy < Fy, then F; < F} < F < Fy.
(6) If for every Fy € F; there is some Fy € Fy such that Fy; < Fy, then
Fy =supp,cr, F1 <supg,cz, Fo = Fa.
(2,5) The second (resp. fifth) statement follows from the third (resp., sixth)
and Proposition 2.

O

To see that the converse implications in the second to sixth statements do
not hold in general, we refer to Example 2 in the Appendix.

As we mentioned after Definition 4, the difference between (F'SDs) and
(FSD3) lies on whether the set of distribution functions F; has a ‘best case’,
i.e., a smallest distribution function; similarly, the difference between (F'SDs)
and (F'SDg) lies on whether F5 has a greatest distribution function. Taking this
into account, we can easily prove the equivalence between the above conditions
when the lower or the upper distribution functions of the associated p-box belong
to the set:

Proposition 4. Let us consider two sets of cumulative distribution functions
.7:1 and .7:2.

1. Fy € 71 = [F1 =rsp, F2 < Fi =rsp, F2l.
2. Fy € Fo = [Fi =rsp, Fo < Fi =rspg F2.

Proof. To see the first statement, use that by Proposition 2 F1 >rsp, F2 =
F1 =rsp, F2. Moreover, F1 ~psp, F2 if and only if for every Fy € F3 there is
Fy € Fi such that Fy < F,. In particular, since F'; < Fj for every Fy € Fi,
it holds that F; < F; for every F» € Fa, and consequently, as F; € Fi, that
F1 =Fsp, Fo.

The proof of the second statement is similar. O

When the lower and upper distributions of the p-box belong to our sets of
distributions, they can be used to characterise our preferences between them.
In that case, the stochastic dominance between two sets of cumulative distribu-
tion functions can be characterised by means of the relationships of stochastic
dominance between their lower and upper distribution functions.

Corollary 1. Let F1,F2 be two sets of cumulative distribution functions, and
let (Fy,F1) and (Fy, F2) denote their associated p-boxes. If F{,F1 € F1 and

EQ,FQ € fg, then

1. Fi =psp, Fo < F1 < F,.
2. F1zZrsp, F2 & F1 Zrsp, Fo & By S By,
3. F1zrsp, Fo & F) < Iy,
4. Fy =psp, F2 & F1 =rsp, F2 & F1 < Fa.

Proof. o If F'y > F, € Fi, there is some F} € F; such that Fy < Fj for all
F» € F;, and as a consequence Fi >=psp, Fa.



o If El c fl,Fg € Fo and El < Fg, then there exist F; € F; and Fy € Fy
such that Fy; < Fy, whence F1 ~psp, Fa.

o If '} < F,, then since Fy € F, then thgre is some F5 € F5 such that
Fy < F5 for every Fy € Fyi, because Fy < F; for any F; € F7.
The remaining implications follow from Propositions 3 and 4. O

Remark 3. The above corollary allows us to see more clearly the connection be-
tween the scenario proposed by Denoeux ([13]) and our proposal. Let [U, V] and
[U’, V'] be two random closed intervals, whose associated belief and plausibility
functions determine the sets of probability measures P, P’.

Applying Proposition 1 and Corollary 1, we obtain the following equiva-
lences:

P =rsp, P & Fy(t) < Fyi(t) for every t e R & P > P,

P =rsp, P' & P =psp, P/ & Fy(t) < Fy:(t) forevery t e R = P > P'.

P =rsp, P & Fy(t) < Fy(t) for every t e R & P 2 P'.

P =rsps P' & P =psp, P’ & Fy(t) < Fy/(t) forevery t e RS P > P

Hence, condition > gives rise to (F'SDs) (when P has a smallest distribution
function) and (F'SD3) (when it does not have it); similarly, condition > produces
(FSDs) (if P’ has a greatest distribution function) and (FSDg) (otherwise).

This also shows that our proposal is more general in the sense that it can be
applied to arbitrary sets of probability measures, and not only those associated
to a random closed interval. On the other hand, our work is more particular
in the sense that we are assuming that our referential space is [0,1], instead of
the real line. As we mentioned in the introduction, our results are immediately
extendable to distribution functions taking values in any closed interval [a, b],
where @ < b are real numbers. The restriction to bounded intervals is made so
that the lower envelope of a set of cumulative distribution functions is a finitely
additive distribution function, which may not be the case if we consider the
whole real line as our referential space. One solution to this problem is to add
to our space a smallest and a greatest value Oq, 1o, so that we always have
F(OQ) =0 and F(lg) = 1. 0

Although in this paper we are focusing on sets of distribution functions
agsociated to o-additive probability measures, it is not uncommon to encounter
situations where our imprecise information is given by means of sets of finitely
additive probabilities: this is the case of the models of coherent lower and upper
previsions in [48], and in particular of almost all models of non-additive measures
considered in the literature [32]; in this sense they are easier to handle than sets
of o-additive probability measures, which do not have an easy characterisation
in terms of their lower and upper envelopes, as showed in [27].

A finitely additive probability measure induces a finitely additive distribu-
tion function, and conversely, any finitely additive distribution function can be
induced by a finitely additive probability measure [34]. As a consequence, given
a p-box (F,F), the set of finitely additive probabilities compatible with this
p-box induces the class of finitely additive distribution functions

F o= {F finitely additive distribution function : F < F < F'}. (3)

10



In particular, both I, F belong to F. Taking this into account, if we de-
fine conditions of stochastic dominance for sets of finitely additive distribution
functions analogous to those in Definition 4, it is not difficult to establish a
characterisation similar to Corollary 1, whose analogous proof we omit:

Lemma 1. Let .7-'1, ]-"é be two sets of finitely additive distribution functions with
associated p-boxes (F1,F1),(Fy, Fa). Assume F{,F1 € F, and Fy, Fo € F.

1. .7:{ tFSDl f'é @Fl SEQ

2. -7:{ >_'FSD2 -7:5 <:>E1 SEQ
3. Fi =rsp, Fo & Fy < Fy.
4. .7:{ EFSDAL ]:é <:>E1 SFQ
5. ]:{ ZFSDs ,7:5 <:>F1 < FQ.
6. .7:{ ZFSDg .7:5 <:>F1 < Fg.

Let P1, P2 be two sets of o-additive probability measures, with associated
p-boxes (F,,F1),(F,y,Fa). Let F;,F, be two sets of finitely additive distri-
bution functions associated to the p-boxes (Fy, F1), (Fy, F2). When the lower
and upper distribution functions of the associated p-box belong to our set of
cumulative distribution functions, we immediately deduce from Corollary 1 and
Lemma 1 that stochastic dominance holds under the same conditions regardless
of whether we work with finitely or o-additive probability measures:

Proposition 5. Let us consider two sets of cumulative distribution functions
F1 and Fa with associated p-boxes (F,,F1),(Fy, F2), and let fi,fé be the
sets of finitely additive distribution functions associated to these p-boxes. If
El,Fl € F1 and E2,F2 € Fa, it holds that :

Fi =wsp; F2 < F) =rwsp, Fo,
fori=1,...,6.

On the other hand, any finitely additive cdf F' can be approximated by a
o-additive cdf F': its right-continuous approximation, given by

F(zx) = inf F(y) Ve <1, F(1) =1. (4)

Hence, to any set F of finitely additive cdfs we can associate a set F of o-
additive cdfs, by considering F := {F : F € F}, and where F is given by
Eq. (4). However, both sets do not model the same preferences:

Proposition 6. Let F be a set of finitely additive cdfs, and let F be the set
of their o-additive approximations. The possible relationships between F and F

are summarised in the following table:
FSDy FSDy FSD3 FSDs FSDs FSDg

F ~FsD; F . . ° . . .

F =rsp, F

F =Fsp; F ° . ° ° ° .
F,F incomparable ° . °

Proof. From Eq. (4), F < F for any F' € F, whence F >psp,,FSD4,FSDg F -
We deduce from Proposition 2 that we cannot have F >pgp, F for any i =

1,...,6. To see that the other scenarios are possible, we refer to Example 3 in
the Appendix. O
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4. Particular cases

In this section, we investigate the stochastic dominance between sets of prob-
ability distributions in a number of particular cases of their associated p-boxes.

4.1. Increasing imprecision

We begin by studying the behaviour of the different notions of stochastic
dominance for sets of distributions when we use them to compare two sets of
distribution functions, one of which is more imprecise than the other. This may
be useful in some situations: for instance, p-boxes can be seen as confidence
bands [10, 39], which model our imprecise information about a distribution
function taking into account a given sample and a fixed confidence level. Then
if we apply two different confidence levels to the same data, we obtain two
confidence bands, one included in the other, and we may study which of the two
is preferred according to the different criteria we have proposed. In this sense,
we may also study our preferences between a set of portfolios, that we represent
by means of a set of distribution functions, and a greater set, where we include
more distribution functions, but where also the associated risk may increase.

We are going to consider two different situations: the first one is when our
information is given by a set of distribution functions. Hence, we consider two
sets F1 C Fo and investigate our preferences between them:

Proposition 7. Let us consider two sets of cumulative distribution functions
F1 and Fo such that F1 C Fo. It holds that:

1. If F1 has only one distribution function, then all the possibilities are valid
for (FSDy). Otherwise, if Fi is made by more than one distribution
function, F1 and Fy are incomparable with respect to (FSDy).

2. With respect to (F'SDs), ..., (FSDg), the possible scenarios are summarised
in the following table:

FSDy FSDs FSDy, FSDs; FSDg

F1 ~wsp; F2 . °
F2 =rsp; F1 .
F1 =rsp, F2 ° ° . . °
F1, Fo incomparable °
Proof. e On the one hand, if 7 has more than one cumulative distribution

function, we deduce that F; is incomparable with itself with respect to
(FSD1), and as a consequence it is also incomparable with respect to the
greater set Fa.

e Since F; C Fo, for any F} € F; there exists Fy € F5 such that Fy = Fb.
Hence, we always have F5 =psp, F1 and F1 =rsp, F2. Thus, we obtain
that F1 ¥wsps Fo2, F2 ¥rspg F1, and both sets cannot be incompara-
ble with respect to (F'SD3) and (FSDg). Moreover, using Proposition 2
F1 >rsp, F2 and F2 >psp, F1 are not possible. This also shows that
F1 =rsp, F2, because any F' € F; C F is equivalent to itself.

To see that all the other scenarios are indeed possible, we refer to Example 4

in the Appendix. O
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Remark 4. A particular case of the above result would be when we compare a
set of distribution functions F; with itself, i.e., when Fo = F;. In that case,
F1 =rsp, Fi1 for i = 3,4, 6, as we have already noted in Remark 1.

With respect to (F'SD1), (FSDs) and (FSDs), we may have either incom-
parability (for instance with 7y = F» = {id, [j9.5,1]}) or indifference (with
F1 = Fa = {id}), but never strict preference.

The second scenario corresponds to the case where our information about
the set of distribution functions is given by means of a p-box. A more imprecise
p-box means that either the lower distribution function is smaller, the upper
distribution function is greater, or both. We begin by considering the latter
case.

Proposition 8. Let us consider two sets of cumulative distribution functions i
and Fz, and let (F'y, F'1) and (Fy, F'2) denote their associated p-bozes. Assume

that F, < F| < F1 < Fs. Then the possible scenarios of stochastic dominance
are summarised in the following table:

FSDy FSD, FSDs FSDy FSDs; FSDg

F1 =Fsp; F2 o s o
F2 =Fsp; F1 o o o
F1 =rsp; F2 o

F1, Fa incomparable . ° ° ° . °

Proof. Using Proposition 2, we know that 71 >pgp, F2 if and only if F, <
F,, which is incompatible with the assumptions. Similarly, we can see that
Fa %Fspl Fi1 and as a consequence they are incomparable.

On the other hand, if 771 >rsp, F2, for ¢« = 2,3, using Proposition 2 we
would have that F; < F,, a contradiction with the hypothesis.

Similarly, if F» >~rsp, Fi, for ¢ = 5,6, we deduce from Proposition 2 that
Fy < Fl, again a contradiction.

To see that the scenarios included in the table are possible see Example 5 in
the Appendix. O

Although the inclusion F; C F» implies that F, < F;, < F; < Fy, we
may have F, < F; < F; < Fy even if F; and F» are disjoint, for instance
when these lower and upper distribution functions are o-additive and we take
Fi1 = {F,,F1} and Fo = {F,, F5}. This is the reason why in Proposition 7
we cannot have F; >psp, F2 nor Fo >psp, F1 and under the conditions of
Proposition 8 we can.

Proposition 9. Under the conditions of Proposition 8, if in addition F,,F, €
F1 and Fy, Fy € Fa, the possible scenarios are:

FSDy FSD, FSDs FSDy FSDs; FSDg

F1 =rsp; F2 . .
F2 »rFsp; F1 . .
J1 =rsp, F2 o
F1, Fa incomparable °
Proof. e It is obvious that /7 and F, are incomparable with respect to

Definition (F'SD,).
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e [t holds that F, < F'; < F for every F} € Fi, and consequently F2 >rsp,
F1. Moreover, using Corollary 1 (F'SD3) and (F'SDs) are equivalent, and
consequently F2 >rsp, Fi.

e Since F, < F'y, it holds that 2 >rsp, Fi, and moreover Fi < Fy implies
that .7:1 EFSD4 .7'—2. Thus, .7:1 =FSDy4 ]:2.

e It holds that Fy < F; < F, for every Fy € Fi, and consequently F; =psp,
Fo. Furthermore, using Corollary 1, (F'SD5) and (F'SDg) are equivalent,
and consequently F1 >rsps Fa-

O

In particular, the above result is applicable when F, = (F,, F1) and F» =
(EQ,FQ), with El,Fl € F1 and EQ,FQ € Fo.

To conclude this section, we consider the case where only one of the bounds
becomes more imprecise in the second p-box.

Proposition 10. Let us consider two sets of cumulative distribution functions
F1 and Fo, and let (F1, F1) and (Fy, F2) denote their associated p-bozes.

a) Assume that Fy < F; < Fy = Fo. Then the possible scenarios are:
FSD, FSDy; FSDs FSDy FSDs FSDg

F1 =rsp; F2 ° ° °
F2 >=rsp; F1 ° ° ° ° °
F1 =rsp,; F2 . . .
Fi, F2 incomparable ° ) ° ° ° °

b) Assume that Fy = F; < Fi < Fy. Then the possible situations are:
FSDy, FSDy FSDs FSDy, FSDs FSDg

F1 >Fsp; F2 ° ° °
F2 =rsp; F1 ° ° ° ° °
F1 =rsp; F2 . . .

Fi, Fa incomparable ° ° ° ° ° °

Proof. Let us prove the first statement; the proof of the second is analogous
to this one. On the one hand, since F; > F, and Fy > F,, we deduce from
Proposition 3 that F; and F» are incomparable with respect to (F.SD).

With respect to (F.SDs), (F'SDs), note that if F, < F';, then there is some
xo € [0,1] such that Fy(zo) = infrex, Fo(wo) < Fy(z9), whence there exists
FQ* € Fo such that FQ*(IO) < El(xo) < Fl(llfo) for all F € F;. Thus, Fy ﬁ FQ*
for any £y € F; and Fi ¥rsp, F2- Applying Proposition 2, F; ¥rsp, Fo. O

In Example 6 of the Appendix we give examples showing that when the lower
distribution function is smaller in the second p-box and the upper distribution
functions coincide, all the possibilities not ruled out in the first table of the
previous proposition can arise. Similar examples can be constructed for the
case where F; = F, and F; < Fs.

4.2. Sets of distribution functions associated to the same p-box

Next we investigate the relationships between the preferences on two sets of
distribution functions associated to the same p-box. We consider just the case
of non-trivial p-boxes (that is, those where the lower and the upper distribution
functions are different), since otherwise we obviously have indifference.
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Proposition 11. Let us consider two sets of cumulative distribution functions
F1 and Fy such that 'y =Fy, F1 =F9 and F{ < F1. Then:

1. F1 and Fy are incomparable with respect to (F.SDy).
2. With respect to (F'SD;), i =2,...,6, we may have incomparability, strict
stochastic dominance or indifference between F1 and Fa.

Proof. First of all, let us study the case of (F'SD;). By Proposition 3, 71 »rsp,
Fo if and only if Fi < F,, which in this case holds if and only if Fi = Fi a
contradiction with our hypotheses.

With respect to conditions (F'SDs), ..., (FSDg), it is easy to find examples
of indifference by taking F; = F2 including the lower and upper distribution
functions. To see that may also have strict dominance or incomparability, we
refer to Example 7 in the Appendix. O

When the lower and upper distribution functions belong to our set of distri-
butions, Corollary 1 implies the following:

Corollary 2. Let us consider two sets of cumulative distribution functions JFi
and Fo such that F, = F,, Fi=F, and F; < F1, and where E17F1 e FinFs.
Then Fi =rsp, F2 for i =2,...,6, and they are incomparable with respect to
(FSDy).

Next we investigate the case when we compare these two sets of distribution
functions with a third one, and study if they produce the same preferences:

Proposition 12. Let Fi, F; and Fa be three sets of cumulative distribution
functions such that F; = F] and FT = Fy. In that case:

1. F1 zZrsp, F2 < F{ Zrsp, F2, and F2 =rsp, F1 < F2 Zrsp, 7.
2. Concerning definitions (F'SDs), ..., (FSDg), if we assume that F1 =psp,

Fa, then the possible scenarios for the relationship between Fi and Fa are:
FSDy, FSDs FSDy FSD; FSDg

Fi >Fsp; F2 ° ° ° ° )
F2 =Fsp; F1 o o o
Fi =rsp; F2 ° ° ° °
Fi, Fa incomparable ° ° ° °

Proof. Concerning definition (F'SDy), it follows from Proposition 3 that 71 >rsp,
F, if and only if F;, = F; < F,, and using the same result this is equivalent
to F{ >rsp, F2. The same result shows that F» >psp, F1 if and only if
Fy < F, = F7, and this is again equivalent to F2 =rsp F7.

Let us prove that F; >rsp, F2 is not compatible with F» >psp, Fi. If
F1 =rsp, Fa, then Fo ¥wsp, Fi1. This means that for every Fy € Fy there
exist F1 € F; and xg such that Fy(zg) < Fa(zp). As a consequence,

inf_ FY'(z0) = Fi(z0) = F(w0) < Fi(z0) < Fa(0),
FyeF;
whence for every Fy € F» there is some F;* € Fy such that Fy(zg) < Fa(xo),
and consequently F» £ Fy. This means that F» ?rsp, F7, and therefore we
cannot, have F2 >rsp, F7-

Let us show next that F1 >psp, F2 implies that 7| =rsp, F2. If F1 >rsp,

Fa, there is Fy € Fy such that F; < Fy for every Fy € F;. Hence, F, < By,
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and therefore F'; < F,, which implies that also Ff < Fj for every Fi € Ff. We
conclude that Fi =rsp, Fa.

To see that the other scenarios are possible, see Example 8 in the Appendix.
O

Remark 5. Note that, under the conditions of the previous proposition, if we
assume in addition that F;, F'; € F1NF; and that F,, F'y € Fa, then we deduce
from COI‘OH&I‘y 1 that F; > FSD; V2= ff ~FSD, Fo,fori=1,...,6. ¢

4.8. Convergence of p-boxes

It is well-known that a distribution function can be seen as the limit of the
empirical distribution function that we derive from a sample, as we increase the
sample size. Something similar applies when we consider a set of distribution
functions: it was proven in [35] that any p-box on the unit interval is the limit
of a sequence of p-boxes (F,,, F',), that are discrete, in the sense that for every
n both F, and F,, have a finite number of discontinuity points.

If for two given p-boxes (Fy, F1), (F,, F2) we consider respective approxi-
mating sequences (F ,,, F1.,)n, (EQ’mfgﬂn)n, in the sense that

limELn = El,limfl’n = Fl,limEQ’n = Ez,limfgﬂL = Fg,

we may wonder if by comparing for each n the discrete p-boxes (ELWFL”) and
(3., Fa.n) we can say something about the preferences between (F;, F'y) and
(F,, F). This is what we set out to do in this section. We shall be even more
general, by considering sets of distribution functions whose associated p-boxes
converge to some limit.

Proposition 13. Let (Fip)n, (Fon)n be two sequences of sets of distribution
functions and let us denote their associated sequences of p-boxes by (El,n, Fi,)
and (E2’R,F27n) for n € N. Let Fi,Fs be two sets of cumulative distribution
functions with associated p-bozes (Fy, F1) and (F,, Fy). Assume that:

Fin = F1, Fy, S Fy, Fy, = Fy and Fy, - F,,

and that F,F1 € Fy and Fy, Fy € Fa. Then, Fin =rsp, F2,n Vn, implies that
Fi rsp; Fo, fori=1,...,6.

Proof. The result follows from Proposition 3 and Corollary 1. O

The assumption that the upper and lower distribution functions belong to
the corresponding sets of distributions is not necessary for the implication with
respect to (F'SD1), but it is necessary for the other definitions.

4.4. Stochastic dominance between possibility measures

So far, we have explored the extension of the notion of stochastic dominance
towards sets of probability measures, and we have showed that in some cases it
is equivalent to compare the p-boxes they determine. There are some particular
cases of sets of probability measures that can be summarised by means of a non-
additive measure, and in this way the work we have carried out connects with the
theory of imprecise probabilities. Hence, we could use our results to compare two
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models of non-additive measures by comparing the sets of probability measures
which are compatible with them. In this section, we consider the particular
case where the sets of probability measures are those bounded by some given
possibility measures.

Definition 5. [16] A possibility measure on [0,1] is a supremum preserving set
function II : P([0,1]) — [0,1]. It is characterised by its restriction to events
m, which is called its possibility distribution. The conjugate function N of a
possibility measure is called a necessity measure.

Because of their computational simplicity, possibility measures are widely
applied in many fields, including data analysis [46], diagnosis [9], cased-based
reasoning [25], and psychology [40]. See [17] for an overview.

The connection between possibility measures and p-boxes was already ex-
plored in [47], and it was proven that almost any possibility measure can be
seen as the natural extension of a corresponding p-box. However, the definition
of this p-box implies defining some particular order on our referential space,
which could be different to the one we already have there (for instance if the
possibility measure is defined on [0,1] it may seem counterintuitive to consider
anything different from the natural order), and moreover two different possi-
bility measures may produce two different orders on the same space, making it
impossible to compare them.

Instead, we shall consider two possibility measures II; and Il on Q =
[0, 1], their associated sets of probability measures M(II;) := {P probability :
P(A) <TI;(A) VA}, and M(Ilp) := {P probability : P(A) < IIs(A) VA} and
the corresponding sets of distribution functions F; and F». Let (£, F;) and
(F,, F2) be their associated p-boxes.

Since any possibility measure on [0,1] can be obtained as the upper proba-
bility of a random set [23], and moreover in that case [33] the upper probability
of the random set is the maximum of the probability distributions of the mea-
surable selections, we deduce that the p-boxes associated to F; and F» are
determined by the following lower and upper distribution functions:

Fi(z) = sup P([0,2]) = I1,([0,2]) = supmi (y),

P<IIy y<z
Fy(z) = inf P([0,z]) =1-1IL((z,1]) =1 —supm(y) = N1[0,z],
P<II y>x

and similarly

Fy(x) =supma(y) =3[0, 2] and Fy(z) = 1 —supma(y) = N[0, z].

y<w y>x

Note however, that these lower and upper distribution functions need not
belong to Fi,Fe: if for instance we consider the possibility measure associ-
ated to the possibility distribution m = I 5 1], we obtain F' = 7, which is not
right-continuous, and consequently cannot belong to the set F of distribution
functions associated to M(II).

In this section, we are going to use stochastic dominance to compare possibil-
ity measures associated to continuous distribution functions. In that case, both
the lower and the upper distribution functions belong to the set of distribution
functions associated to the possibility measures:
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Lemma 2. Let II be a possibility measure associated to a continuous possibility
distribution on [0,1]. Then, there exist probability measures P1, P>, € M(II)
whose associated distribution functions are Fy = F, Fy = F.

Proof. Let us consider the probability space ([0, 1], Bjo,1], Ajo,1)), Where Bjo,1) de-
notes the Borel o-field and Apg 1) the Lebesgue measure, and let T : [0,1] —
P([0,1]) be the random set given by I'(a) = {z : 7(z) > a} = 77 1([a, 1]). It
was proved in [23] that II is the upper probability of I'.

Let us consider the mappings Uy, Us : [0,1] — [0,1] given by Uj(«a) =
minI'(a), Uz(o) = maxI'(«). Since we are assuming that 7 is a continuous
mapping, the set 7~ !([o,1]) = I'(a) has a maximum and a minimum value for
every a € [0,1], so Uy, Us are well-defined. Tt also follows that Uy, Uy are mea-
surable mappings, and as a consequence the probability measures they induce
Py,, Py, belong to the set M(II). Their associated distribution functions are:

Fu, (@) = Py, ([0,2]) = Aoy (U7 (10, 2])) = Ao,y ({a : minT(a) < 2})
= Moga:3y <z :n(y) > a)) = Aoy ({a: T0,2] > a})
— 11([0,]) = F(a),

where the fourth equality follows from the continuity of Ajg 1}, and similarly

Fu, (x) = Py, ([0,2]) = Xo.y(Uz ([0, 2])) = Ap 1) ({or : maxT'(a) < x})
= Ao, 1]({04 (y) < aVy>azx}) = Ajo,1] ({a: (z,1] < a})
=1-1I((z,1]) = E(z),

again using the continuity of Ao 1. Hence, F', F belong to the set of distribution
functions induced by M(II). O

As a consequence, if we consider two possibility measures I1;, Ils with con-
tinuous possibility distributions 7,72, the lower and upper distribution func-
tions of their respective p-boxes belong to the sets Fi,F2. Hence, we can
apply Proposition 4 and conclude that F; >psp, F2 & Fi ~rsp, F2 and
F1 =rsps F2 & F1 =Fsp, F2. Moreover, we can use Corollary 1 and conclude
that:

Fi =rsp, F2 & F1 < Fy & 1[0, 7] < N[0, 2] Va.
F1 =Frsp, F2 & F; < Fy & Ni[0,2] < Na[0, 2] Ve < 11y (z, 1] > s (z, 1] Va.
Fi1 =rsp, Fo & F; < Fg = Nl[o,l‘] < HQ[O,JZ] Yz
F1 =psp, F2 & F1 < Fay & 10;[0, 2] < 115[0,z] Vo < Nao(z,1] < Ny(z,1] Va

From this we derive immediately the following result:

Proposition 14. Let Fi, Fo be the sets of distribution functions associated to
respective possibility measures 11y, Iy with continuous possibility distributions.

1. II; < Ny = Fi =rsp, Fo.
2. I, <1IIy = F1 =Fsp, F2, F1 =FsDs F2
3. N1 <1y = F1 =rsp, Fo.
4. Ny < Ny = Fi =rsp; F2,F1 =FsDg F2-

It is not difficult to show that none of the above sufficient conditions is
necessary.

18



4.5. P-bozes where one of the bounds is trivial

Let us investigate next the case of p-boxes where one of the bounds is trivial.
These have been related to possibility and maxitive measures in [47], when
working with finitely additive cdfs. It is not difficult to show that when the lower
distribution function is trivial, the probability measures determined by the p-
box are those dominated by the possibility measure that has F as a possibility
distribution; however, a similar result does not hold for the case of (F,1) in
general, because we need F to be right-continuous.

Let us show that when the lower distribution function is trivial, then the
second and third conditions, which are based on the comparison of this bound,
always produce indifference.

Proposition 15. Let us consider the p-bozes F1 = (El,FL) and Fo = (Fy, F3).
Let us assume that F'y = Fy = Iy, Fy # F1 and Fy # F3. Then the possible
relationships between F1 and Fo are:

FSDy FSD, FSDs FSDy FSDs; FSDg

Fi1 =rsp; F2 . .
F2 =rsp; F1 o o
F1 =rsp, F2 ° ° ) ° °
F1, Fa incomparable ° ° °

Proof. e Using Proposition 3 we know that 71 =psp, F2 & F < F,
and this condition cannot hold because Fy = I11} and the p-boxes are not
trivial. Consequently, both sets are incomparable with respect to (F'SDy).

e Since Iy = F, € F; N Fa, we deduce from Corollary 1 that F1 =psp, Fa-
Applying Proposition 2, we deduce that F1 =psp, F2 and Fi =psp, Fo.

e On the other hand, it is easy to see that anything can happen for defini-
tions (F'SD5) and (FSDg), since these depend on the upper cumulative
distribution functions of the p-boxes, on which no assumptions are made.

O

Similarly, when the upper distribution function is trivial, then the fifth and
sixth conditions, which are based on the comparison of these bounds, always
produce indifference. The proof is similar and therefore omitted.

Proposition 16. Let us consider the p-bozes F1 = (Fy, F1) and Fo = (Fy, F3).
Let us assume that 1 = Fo =1, F; < Fy and Fy < Fy. Then the possible
relationships between F1 and Fo are:

FSD, FSDy FSD; FSD, FSD; FSDq

F1 =Fsp; F2 o o

F2 =Fsp; F1 . .

Fi1 =rsp, Fa ° ° ° ° °
F1, Fa incomparable ° ° °

4.6. 0-1-valued p-bozes

To conclude this section, let us focus on 0-1-valued p-boxes, by which we
mean p-boxes where both the lower and upper cumulative distribution functions
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F, F are 0-1-valued. They have also been related to possibility measures in [47].
Given a 0-1-valued distribution function F', we denote

xp =inf{z | F(z) = 1}.

Note that this infimum is a minimum when we consider distribution functions
associated to o-additive probability measures, but not necessarily for those as-
sociated to finitely additive probability measures.

Given a p-box (F, F), where both F, F are 0-1-valued, these two functions
determine an interval S such that (v, 2r) € S C [zf, 2p]; the limit o5 is
included in S depending on whether F(z5) = 1 or not (and similarly for zp). It
is not difficult to show that the p-box (F, F') is equivalent to the set of probability
measures that satisfy P(S) = 1. Now, using the relationships between the
conditions (F'SDy),...,(FSDg) and the orderings between the interval of the
real line, we can establish the following result:

Proposition 17. Let F1 and F3 be two sets of cumulative distribution func-
tions, with associated p-bozes (Fy, F1),(Fy, Fa).

a) If F,, F1, Fy and Fy are 0-1-valued functions, then

F1 zwsp, F2 & o5, > TF,.
F1 =¥sp, F2 = TR, >TF,.
F1 Zr¥spy F2 = TF, > TR, .
Fi1 zrsp, F2 = TR, > 5,
F1 =r¥sp; F2 = TF, > T,
F1 Zrsps F2 = TF, = TR,

S Ot W=

Moreover, ifEl,Fl e Fi1 and EQ,FQ € Fa, the converses also hold.

b) If in particular Fi and Fy are two sets of 0-1 cumulative distribution
functions it also holds that

2. TR, > TR, = F EFSDQ Fo.
3. TR, > TR, = F1 ZFspy Fa.
TF, > :L'fz = F EFSD4 Fo.
TE, > TR, = F1 =rsp; Fo.
TF, > TF, = F1 EFSDG Fo.

S o

Proof. In order to prove the first item of this result it is enough to consider
Proposition 3, and to note that, if F' and G are two 0-1 finitely additive dis-
tribution functions then F' < G implies that xp > zq. In particular, if G is a
cumulative distribution function, F' < G if and only if zp > zg, from which
we deduce that TR, > Tp, = Fi »rsp, F2. Moreover, if Ehfl € F1 and
F,, Fy € Fy, these are cumulative distribution functions, and we can use that
F < G if and only if xp > xg. Applying Corollary 1 we deduce that in that
case the converse implications also hold.
Let us consider the second part.
(2) f p, > xF,, 3xo such that zp > z9 > xp,. Then, since 7o > zp,,
Fy(20) = 1 and therefore Fy(zo) = 1,VFy € F». Since xp, > xo, Fy(70) =
0 and as we are considering only 0 — 1 valued cdf, there is some F; € F;
such that Fy(z¢) = 0. Thus, there is some F; € F; s.t. Fy < Fy VF; €
Fa.
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(4) If zp, > 2, 3o such that 2p > xo > x5,. Then, Fy(zo) = 1, and
since all the cdf are 0-1 valued, 3F; € F; such that Fy(xg) = 1. On
the other hand, F;(z¢) = 0, and since all the cdf are 0-1 valued, there
is some F; € Fi such that Fi(xg) = 0. Hence, F} < F» and therefore
F1 Zrsp, Fa.

(5) If 2, > a7,, there is some z¢ such that z > zo > z5,. Hence,
Fo(zg) = 1. Since all the cumulative distribution functions are 0 — 1
valued, 3F, € F, such that Fy(xp) = 1. On the other hand, F;(xq) = 0,
whence F(zo) = 0 for all Fy € F;. Hence, Fy > F; for all Fy € F.

(3),(6) These follow from items (2),(5), respectively, and Proposition 2.

O

In Example 9 in the Appendix we show that the converse implications do
not hold in general.

5. Illustrative example: comparison of Lorenz curves

As we mentioned in the introduction, the notion of stochastic dominance
has been applied in many different contexts. One of the most interesting is in
the field of social welfare [2, 31, 45], for comparing Lorenz curves. They are a
graphical representation of the cumulative distribution function of the wealth:
the elements of the population are ordered according to it, and the curve shows,
for the bottom x% elements, what percentage y% of the total wealth they have.
Hence, the Lorenz curve can be used as a measure of equality: the closest the
curve is to the straight line, the more equal the associated society is.

If we have the Lorenz curves of two different countries, we can compare them
by means of stochastic dominance: if one of them is dominated by the other,
the closest to the straight line will be associated to a more equal society, and
will therefore be considered preferable. In this section, we are going to use our
extensions of stochastic dominance to compare sets of Lorenz curves associated
to countries in different areas of the world. We shall consider the Lorenz curves
associated to the quintiles of the empirical distribution functions. The following
table provides the wealth in each of the quintiles (Source data: World Bank
database. http://timetric.com/dataset/worldbank):

Country-year 0-0.2 0.2-0.4 0.4-0.6 0.6-0.8 0.8-1

Australia-1994 5.9 12.01 17.2 23.57 41.32
Canada-2000 7.2 12.73 17.18 22.95 39.94
China-2005 5.73 9.8 14.66 22 47.81
Finland-2000 9.62 14.07 17.47 22.14 36.7

FYR Macedonia-2000  9.02 13.45 17.49 22.61 37.43
Greece-2000 6.74 11.89 16.84 23.04 41.49
India-2005 8.08 11.27 14.94 20.37 45.34
Japan-1993 10.58 14.21 17.58 21.98 35.65

Maldives-2004 6.51 10.88 15.71 22.66 44.24
Norway-2000 9.59 13.96 17.24 21.98 37.23
Sweden-2000 9.12 13.98 17.57 22.7 36.63

USA-2000 5.44 10.68 15.66 22.4 45.82

21



To make the comparison by means of the extensions of stochastic dominance
clearer, we are going to consider the cumulative distribution from the richest to
the poorest group: in this way, we will always obtain a curve which is above
the straight line, and it will comply with our idea of considering preferable the
smallest distribution function. If we apply this to the data in the above table,
we obtain the following:

Country-year F(0.2) F(0.4) F(0.6) F(0.8) F(1)

Australia-1994 41.32 64.89 82.09 94.1 100
Canada-2000 39.94 62.89 80.07 92.8 100
China-2005 47.81 69.81 84.47 94.27 100
Finland-2000 36.7 58.84 76.31 90.38 100
FYR Macedonia-2000  37.43 60.04 77.53 90.98 100
Greece-2000 41.49 64.53 81.37 93.26 100
India-2005 45.34 65.71 80.65 91.92 100
Japan-1993 35.65 57.63 75.21 89.42 100
Maldives-2004 44.24 66.9 82.61 93.49 100
Norway-2000 37.23 59.21 76.45 90.41 100
Sweden-2000 36.63 59.33 76.9 90.88 100
USA-2000 45.82 68.22 83.88 94.56 100

We are going to group these countries by continents/regions:
e Group 1: China, Japan, India.

e Group 2: Finland, Norway, Sweden.

e Group 3: Canada, USA.

e Group 4: FYR Macedonia, Greece.

e Group 5: Australia, Maldives.

The relationships between these groups are summarised in the following
table:

Group 1 Group 2 Group3 Group4 Group 5

Group 1  =rsp, ; ~FSDs ~FSD, ~FSD, ~FSD,
Group 2 ~FSDs =FSDs ¢ ~FSD, ~FSD, ~FSD;
Group 3  =rsp, =FSDs 5 ~FSDy ~FSDy
Group 4 >psp; ~FSDs;  =FSDys ~FSDss
Group 5  >rsp, >FSD; =FSDs.6

This means for instance that the set of distribution functions in the first
group strictly dominate those in the second group according to definition (F'SD3),
and those in the second group strictly dominate those in the first group accord-
ing to definition (F'SDs). This is because the best country in the first group
(Japan) stochastically dominates all the countries in the second group, but the
worst (China) is stochastically dominated by all countries in the second group.
This, together with Proposition 2, implies that the first group strictly dominates
the second according to (F'SDs), is strictly dominated by the second according
to (F'SDg), that they are indifferent according to (F'SD4) and incomparable
according to (F'SDy).
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Similar considerations hold for the other pairwise comparisons. For instance,
group 4 strictly dominates group 5 according to (F'SDs), (F\SDg), but it does
not dominate it according to (F'SDs),(FSDs). This also shows that condi-
tions (F'SD3) and (F'SDs) are not equivalent (and similarly for (F.SDs) and
(F'SDg)).

The cells where we have left a blank space mean that no dominance rela-
tionship is satisfied: for instance, group 3 does not dominate group 2 according
to any of the definitions.

Since all the groups have more than one element, they will not satisfy
(FSD;) when comparing them to themselves. Tt follows from Remark 4 that
they are always indifferent to themselves according to (F'SDs), (FSD,) and
(F'SDg); they are indifferent to themselves according to (F'SDs) when they
have a best-case-scenario (as it is the case for groups 1 and 3), and indifferent
according to (F'SDs) when they have a worst-case scenario (as it is the case
again for groups 1 and 3), and incomparable according to these definitions in
the other cases.

Note that we can also use the above data to illustrate some of the results in
this paper: for instance, we saw in Remark 1 that condition (F.SDs) is transitive,
and in the table above we see that group 1 is preferred to group 3 according to
(FSD3) and group 3 is preferred to group 4 according to (F'SDs): this allows
us to infer immediately that group 1 is preferred to group 4 according to this
condition. The comparison of the first two groups is an instance of Proposition §,
because the p-box induced by the first group is strictly more imprecise (i-e., it
has a smaller lower cdf and a greater upper cdf) than that of the second group.

6. Conclusions

In this paper we have extended the notion of stochastic dominance to the
case where we compare pairs of sets of probability measures. We have proposed a
number of definitions, related to the possible orderings we can establish between
two intervals, and we have studied their properties in a number of scenarios, such
as when we compare a set of probability measures with a more imprecise one
or when we consider two sets of probability measures with the same lower and
upper bounds.

We see that it is useful to represent our sets of probability measures by
means of p-boxes, and that in some cases we can easily derive the relationship
between the sets by looking at the lower and upper distribution functions of
the associated p-box. This representation is useful when our set of distribution
functions include the lower and upper distribution functions, as we can see by
comparing Proposition 3 with Corollary 1 and Propositions 8 and 9. Although
the situation is simpler when these limits are included, because our definitions
reduce to Denoeux’ ones based on orderings in the real line, this condition is
not always satisfied, as we can see from Section 5 and the Appendix.

We have applied our results to the case where we want to compare two
possibility measures by means of their associated sets of probabilities; an open
problem would be to generalise this to the comparison of other models of non-
additive measures, such as n-monotone capacities and coherent lower previsions.
For this, we have to deal carefully with the distinction between the finitely
additive and the o-additive probabilities subjacent to an imprecise model, since,
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as we have showed in Section 3, they may have different implications. Another
open problem would be the generalisation of our results to other referential
spaces.

Finally, an important generalisation of our work could be done towards the
notion of 2- and, more generally, n-stochastic dominance, which also play an
important role in the context of social welfare [2, 6, 41].
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Appendix. Examples

We have gathered in this section a number of counterexamples showing that
the propositions established in this paper cannot be improved, in the sense
that the implications we have not established do not hold in general. In the
examples, we shall work for the most part with distribution functions associated
to probability measures with finite support. Given @ = (a1, ...,a,) such that
a1+ ...4a, =1, and t = (t1,...,tn) with t; < ... < t,, the function F;p
corresponds to the cumulative distribution function of the probability measure
P; r satistying P (t;) = a; for i = 1,...,n. The only continuous distribution
function we shall consider is the identity F' = id, defined by F(x) = id(z) =
x Yz € [0,1].

Ezample 1. [The converse implications of Proposition 2 do not hold]

By considering F1 = {F1 0, Fi1}, F2 = {F1,05}, we can show that:

® ~FSD,7 ZFSD;) ZFSDss ZFSDg-
® ~FSDy 7 ZFSD,; ) ZFSDss ZFSDg-
® >~ FSDs7 ZFSD;) ZFSDys ZFSDs-
® > FSDg7 7 FSDys ZFSDys ZFSDg-
® ~Fsp, 7> FsD;, for i =1,2,3,5,6.

To see that >psp,#>rsp, and = psp,#>=Fsp;,, take F1 = Fo = {F1; |
te (0,1)}.
Let us turn now to strict stochastic dominance.

o With F; = {F11},F2 = {F1,0,F11}, we can show that

>FSD1: > FSDs, ™ FSDs7 > FSDy: ™ FSDs, ™ FSD, -
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o If we consider F; = {F1,,F1.1},F2 = {F10}, we deduce that

=FSD, 72> FSDs> = FSDg
~FSDy, ™ FSDy 7> FSD, -
o If we take F1 = {F, Fl0.6,0.4),001) },F2 = {F1,0.5, F(0.4,0.6),(0,1), we deduce
that ~rsp, 7 >FSD1, ™ FSDs» ™ FSDs, = FSDss ™= FSDg-
e To see that >pgsp,#>rsp, and > psp,# > rsp,, consider the sets F; =

{F(l 1-2,1) (0,0.5,1) | n > 3} and Fo = F1 U {F17(),5}.

n’ n’n

FEzample 2. [The converse implications in Proposition 3 do not hold]
Take F; = {F(().B,o.7),(0,1)7F(o.z,o.s),(o.z,o.g)},72 = {F}. They are incomparable
under any of the definitions but F;, < F, = F = Fy < Fy, from which we
deduce that the converse implications in Proposition 3 do not hold.

FEzample 3. [Possible scenarios under Proposition 6]

e For =psp,,i=1,...,6, take F = {Ijg.51}.

e For F >-psp, Ffori=1,...,6, take F = {Tos1}

e For I'SD;-incomparability, i = 1,2, 5, take F = {Ij, 1) : € (0,1)}.
FEzample 4. [Possible scenarios under Proposition 7]

e For 71 »psp, Fo,i =1,5,6, take F1 = {F} and Fy = {F, F10}.

e For 75 »psp, F1,i =1,2,3, take F1 = {F} and F» = {F, F11}.

e For Fi =psp, Fa,i =1,...,6, take F; = Fo = {F}.

e Finally, if ;1 = Fo = {F, F1 9.5} then F; and F» are F'SD;-incomparable
for i = 1,2,5.

FEzample 5. [Possible scenarios under Proposition 8]

e For F'SD;-incomparability, i = 1,...,6, take F;3 = {F, F*}, where F** =
max{F, F1 o7}, and Fo = {F1,0.5, F{(0.5,0.5),(0,1)} }-

e With F; = {F7 F*} and Fp = {F(o.5,0.5),(0,0.5)7F(o.s,o.5),(0.5,1)}7 we obtain
Fo >FSD; JFifor i = 2,3, Fi >FSD; Fo fori= 5,6 and Fi =FSD, Fo.

e With 7y = {F,F"},Fa = {F1,05,F(0.5,0.5),0,1)> F(0.5,0.5),00,0.5)}, We get
F1 =rsp, Fa. If instead Fo = {F1,0.5, F(0.5,0.5),(0,1)> F(0.5,0.5),(0.5,1) }» then
Fo =rsp, Fi-

FEzample 6. [Possible scenarios under Proposition 10]

e For F'SD;-incomparability, i = 1,...,6, take F1 = {F(g5_1 05 1) (0,0.5,1) |
n >3}, Fo2 = {F1,05, F0.5,0.5),00,1) }-

e For | =psp, Fa,i = 4,5,6, take F1 = {Fi05,F0.5,0.5),0,05) ) F2 =
{F(0.5,0.5),(0,0.5), F1,1}-

o For F1 -rsps,rsps F2, F1={Fu_1 1y 1) :n =3} Fo = {Fro, F11}.
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For 73 = rsps,Fspes F1, consider the sets F1 = {F1,0, F(0.75,0.25),(0,1)} and
Fr={Fu-1,1),01 :n 23}

For Fi =rsp, F2, take Fi = {F(0.6,0.4),(0.5,1)7F(o.s—%,o.s,%),(o,otm) nz
3}, F2 = {F1,05, Fl0.5,0.5),0,1)}

Finally, for .FQ >FSD2,FSD3,FSD4 ]:1, take .7:1 = {F(O.E)f%,0.5,%),(0,0.5,1) :
n >3}, Fo = {F1,0.5, F0.5,0.5),00,1) F(0.5,0.5),0.5,1) }

FEzample 7. [Possible scenarios under Proposition 11]

For F1 >=rsp, F2,t = 2,3 and F2 >psp, Fi1,i = 5,6, take

F1 = 1{F(0.5,0.5),(0,0.5), F(0.5,0.5),00.5,1) }> F2 = {F1,0.5, F0.5,0.5),(0,1) }

Reverse the roles of roles of F7, 5 to obtain /1 >rgp, F2 for i = 5,6 and
Fo >»rsp, F1 fori=2,3.

For F'SD;-incomparability, i = 1,...,6, take F1 = {F1,0.5, F(0.5,0.5),00,1) }

and Fp = {F(%,0.5,0A5—%),(0,0.5,1)7F(0.5—%,0.5,% ,(0,0.5,1) - 1 > 3}.

For F2 =rsp, Fi, take F1 = {F1,0.5, F(0.5,0.5),(0,1) } and

Fa = {F(%,0.5,0.5—%),(0,0.5,1)v F(0.5—%,0.5,%),(0,0.5,1) n2> 3»F(0.5,0.5).,(0.5,1)}~
By reversing the roles of 1, F2 we obtain an example of /1 >rgsp, Fo.

FEzample 8. [Possible scenarios under Proposition 12]

For 7§ >rsp, F2,t =2,...,6, take F; = F7.

To see that we may have F; >wsp, F2 and Fa >rsp, F;, take the sets
Fi1 = {F0.5,0.5),0,0.5), F05,05),050 1 F1 = {F1,05, Fl0.5,05),0,1)) and
Fo = {F(0.75,0.25),(0.5,1) F(0.25,0.25,0.5),(0,0.5,1) } -

For 71 >wsp, F2 and Fo >wsp, F; take Fi,F; as before and Fy =
{F(0.25,0.75),(0,0.5) F10.5,0.25,0.25),(0,0.5,1) } -

For F; >wsp, F2 and Fa >rsp, Fi, let us consider

F1 = {F0.25,0.25,0.5),(0,0.5,1)> F1,0.5, F(0.5,0.5),(0,1) }»
Fo = {F(0.25,0.5,0.25),(0,0.5,1)» F(0.4,0.2,0.4),(0,0.5,1) }»
Fi = {F0.25,0.75),(0,0.5)» F1,0.5, F(0.5,0.5),(0,1) } -

For F{ =pgp, F2 and F1 >psp, F2, 1 = 3,4, 6, consider F;, F2 associated
to the same p-box and such that F; >pgp, Fo2 for ¢ = 3,...,6, as in
Example 7, and let F} = Fo.

For i =psps; F2 and Fi =psp, Fo, let Fi = {F1 0.5, Fl0.5,0.5),0,1) ), F2 =
{F(0.5,0.5),(0,0.5), F(0.5,0.5),(0.5,1) } and F} = Fo.

For F1 >psp, F2 while F}',Fy are F'SD;-incomparable for i = 2,3,4,
take .7:1 = {F(0_570_5)7(0_571),F(0.570_5)7(0,0.5)},./.'.2 = {F} and let us consider
Fi ={F1,05, F0.505),00,1)}
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e For F1 »pgp, Fo while F}, Fy are F'SDg-incomparable, take

Fr=A{F1_2 10051, F1-121 1y0051 | n=3}
Fi= {F1,0.57F(0.5,0.5),(0,1)}a

Fa= {F(o.5—%,0.5,%),(0,0.5,1)’F | n > 3}.

FEzample 9. [The converse implications of Proposition 17 do not hold.]

e Given Fi = {F g5 1 :n>3},F2 = {F1,05}, we have that xp = xp, =
r5, = 0.5, but F1 Zrsp, psps,psp, Fo.

e Given Fy = {F g5.1 :n >3}, F2 = {Fi 05}, we have 2 = 25, = 0.5,
but F1 Zrsp;,Fsps F2-

e For the second item, take 7y = Fo = {ljp.5,17}; then F1 =psp, F» for
1 =1,...,6, but no strict inequality holds.
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