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Abstract

Random intervals constitute one of the classes of random sets with
a greater number of applications. In this paper, we regard them as the
imprecise observation of a random variable, and study how to model the
information about the probability distribution of this random variable.
Two possible models are the probability distributions of the measurable
selections and those bounded by the upper probability. We prove that, un-
der some hypotheses, the closures of these two sets in the topology of the
weak convergence coincide, improving results from the literature. More-
over, we provide examples showing that the two models are not equivalent
in general, and give sufficient conditions for the equality between them.
Finally, we comment on the relationship between random intervals and
fuzzy numbers.
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1 Introduction

Random set theory has been applied in such different fields as economy ([20]),
stochastic geometry ([27]) or when dealing with imprecise information ([26]).
Within random sets, random intervals are especially interesting, as the works
carried out in [9, 11, 24] show. One of their advantages respect to other types of
random sets is their easy interpretation as a model for uncertainty and impreci-
sion. Consider a probability space (£, .4, P) and a random variable Uy :  — R
modeling some behaviour of the elements of 2. Due to some imprecision in the

observation of the values Up(w), or to the existence of missing data, we may
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not know precisely the images of the elements from Q by Uy. A possible model
for this situation would be to give, for any w in €2, upper and lower bounds of
its image by Uy (i.e., a margin for error in the observation); we obtain then an
interval T'(w) = [A(w), B(w)] which we assume is certain to include the value
Up(w).

Given this model, we can study which is the information conveyed by the
multi-valued mapping I" about the probability distribution of the random vari-
able Up. On the one hand, we know that Uy belongs to the class of the random
variables whose values are included in the images of the multi-valued mapping.
Thus, its probability distribution belongs to the class of the probability dis-
tributions of these random variables. We will denote this class by P(I'). On
the other hand, the probability induced by Uy is bounded between the upper
and lower probabilities of I'. These two functions were introduced by Dempster
in 1967 ([8]; see also the previous work by Strassen in [36]). We will denote
them by P* and Pk, respectively, and will denote the class of the probabilities
bounded between them by M (P*). Hence, we can consider two models of the
available information: the class of probability distributions of the measurable
selections of the random set, P(T"), and the set of probabilities bounded be-
tween the upper and the lower probability of the random set, M (P*). The first
of these two models is the most precise we can consider with the available infor-
mation, so P(I') C M (P*); however, the class M (P*) is more interesting from
an operational point of view, because it is convex, closed in some cases, and is
uniquely determined by the values of P*. The goal of this paper is to study the
relationship between these two models.

The paper is organized as follows: in Section 2, we introduce some concepts
and notations that we will use in the rest of the paper. In Section 3, we recall
some useful results from the literature and study the relationship between the
classes P(T') and M (P*). In Section 4, we establish sufficient conditions for the
equality between these two sets of probabilities, first for random closed intervals
and later for random open intervals. Section 5 contains some comments on the
connection between random intervals and fuzzy numbers. Finally, in Section 6

we give our conclusions and open problems on the subject.

2 Preliminary concepts

Let us introduce the notation we will use throughout the paper. We will denote
a probability space by (2, A, P), a measurable space (X, .A’) and a multi-valued
mapping, I' : Q@ — P(X). Np will denote the class of null sets respect to a



probability P, and §, will denote the degenerate probability distribution on a
point z. Given a topological space (X, 7), Bx will denote its Borel o-field, that
is, the o-field generated by the open sets. In particular, Sg will denote the Borel
o-field on R, and given A € O, B4 will denote the relative o-field on A. On the
other hand, A will denote the Lebesgue measure on (g, and A4 will denote the
restriction of A to B4. Given a random variable U : Q — R, Fy : R — [0, 1] will
denote its distribution function, and Py : Bg — [0,1], its induced probability.
A set of probabilities will be called W-compact (resp. W-closed) when it is
compact (resp., closed) in the topology of the weak convergence. A multi-valued
mapping will be called compact (resp., closed, open) when I'(w) is a compact
(resp., closed, open) subset of X for every w € Q. Most of the multi-valued
mappings to appear in this paper will take values on (R, Og); nevertheless, we

will also consider the case where the final space is Polish.

Definition 2.1. [25] A topological space (X,T) is called Polish if it is metriz-

able for some metric d such that (X,d) is complete and separable.

Formally, a random set is a multi-valued mapping satisfying some measur-
ability condition. Most of the conditions appearing in the literature (see for

instance [21]) use the concepts of upper and lower inverse:

Definition 2.2. [34] Let (Q, A, P) be a probability space, (X, A’) a measurable
space and T' : Q — P(X) a multi-valued mapping. Given A € A’, its upper
inverse by ' is T*(A) == {w € Q | (w) N A # 0}, and its lower inverse,
[(A):={weQ|0#£T(w) C A}

In this paper, I" will be a model of the imprecise observation of a random
variable Up : @ — X (which we will call original random variable), in the
sense that, given w € Q, all we know about the value Up(w) is that it belongs
to the set I'(w). We deduce from Definition 2.2 that T',(A) C U; ' (A) C T*(A)
for any A in the final o-field. T*(A) is the smallest superset of U, '(A) we
can give, taking into account the available information, whereas I'y(A) is the
greatest subset of U, *(A) that we can give. We will denote A* := I'*(A) and

A. =T (A) when no confusion is possible.

Definition 2.3. [34] Let (Q, A, P) be a probability space, (X, A’) a measurable
space and T+ Q@ — P(X) a multi-valued mapping. T is said to be strongly
measurable when I'*(A) € A for any A€ A'.

Taking into account that T*(A) = (T',(A4°))¢ VA € A', a strongly measurable
multi-valued mapping also satisfies I',(A4) € A for any A in the final o-field.



Definition 2.4. [8] Let (2, A, P) be a probability space, (X, A") a measurable
space, and let T : Q — P(X) be a strongly-measurable multi-valued mapping.
The upper probability induced by I" is given by

P A — [0,1]
A —

and the lower probability, by

P*F : .A/ — [0, 1]
P(L.(

(A
4T )

When T is not strongly measurable, it is not possible to define the upper and
lower probabilities on the whole of the final o-field. Since these functions are one
of the main points of interest in this paper, we will assume that I' is a strongly
measurable multi-valued mapping, and call it then a random set. We will
denote P* := Pt and P, := P,r when there is no ambiguity about the random
set inducing the upper and lower probabilities. These functions are conjugate
(i.e., P*(A) =1 — P.(A°) VA € A’), because of the duality existing between
the upper and lower inverses. On the other hand, we will assume throughout
the paper that I'(w) is non-empty for all w, because it includes at least the
value Up(w). As a consequence, Pi(A) = P(A*), Pir(A) = P(A,) VA e A'. As
Nguyen proved in [34], the upper probability of a random set is lower continuous
and oo-alternating, while the lower probability is upper continuous and oo-
monotone.

We are now ready to introduce the problem that we will study in this paper.
Let I be a random set modelling the imprecise observation of a random variable
Up. Then, all we know about this random variable is that it belongs to the class

S(T) :={V : Q — X measurable | V(w) € T'(w) V w}.

The elements of S(I') are called measurable selections of the random set T'L.

In particular, the probability distribution of Uy belongs to

PI) = {Py |V e SD)},

1Some authors ([1, 19]) prefer to work with almost everywhere selections, that is, measur-
able mappings V such that V(w) € I'(w) almost surely; however, the interpretation we have
given to I' as a model for the imprecise observation of Uy forces us to restrict our attention
to measurable mappings whose images are included in those of T" for all the elements of the
initial space.



and the probability that the values of Uy belong to A € A’ is an element of
P()(A) :={Pv(A) |V € S(I)}.

On the other hand, the information given by I' can also be modeled through
the upper and lower probabilities. For any V € S(T') and for any A € A/,
it is Tw(A) € V~1(A) C T*(A). Hence, P(T')(A) is included in the interval
[P.(A), P*(A)] for all A € A, and if we define

M(P*):={Q : A" — [0,1] probability | Q(A) < P*(A)V A e A},

we have P(I') C M(P*). We will refer to M (P*) as the class of probabilities
dominated by the upper probability, or credal set generated by P*. This is
a convex set, and is uniquely determined by the upper probability.

If we are to use a random set as a model for imprecise information, it is
interesting to see which is the best way of summarizing the probabilistic infor-
mation it conveys. From an operational point of view, it is preferable to work
with M (P*): the class P(T") is not convex in general, and it doesn’t have an
easy representation in terms of a function. However, as we showed in [29], in
some cases the class P(I") can be way more precise than M (P*). Our goal in
this paper is to study the relationship between these two sets of probabilities
when I' is a random interval. This problem has been studied for other types of
random sets ([4, 5, 18, 19, 30]), but, as far as we are aware, never for random

intervals.

3 Relationships between P(I') and M (P*)

In this section, we are going to study the relationships between the sets of
probabilities P(T') and M (P*) induced by a random interval I". Although the
term ‘random interval’ usually means a multi-valued mapping whose images are
intervals of the real line, in this paper it will refer to random sets of the type
(A,B) or [A,B], with A, B : Q@ — R. At the end of the paper we will give a
brief account of the properties of random sets of the type (A, B] or [4, B), for
A B:Q—R.

Definition 3.1. Let (2, A, P) be a probability space, A,B : Q@ — R. The
random closed interval of extremes A and B is given by
r-Q — PR
w < [A(w), BWw)].



and the random open interval of extremes A, B,

o — PR
w = (Aw), Bw)).

We are assuming in this paper that the multi-valued mapping I' has non-
empty images, because Up(w) belongs to I'(w) for all w. As a consequence,
given a random closed interval [A, B], it should be A(w) < B(w) for all w in
the initial space, and given a random open interval (A, B), we must assume
A(w) < B(w) Yw. Hence, there are choices of A, B such that the random closed
interval [A, B] is a possible model for our problem but the random open interval
(A, B) is not. Although this seems to prevent us from making a simultaneous
study of random open and random closed intervals, some of the properties we
shall prove can be derived easily even if I'(w) = () for some w; moreover, we find
it simpler, from a mathematical point of view, to prove them simultaneously
for both types of random intervals. This is for instance the case of our next
result, where we characterize the strong measurability of a random interval.
This characterization is interesting because, although the strong measurability
is necessary to work with the upper and lower probabilities, it does not always
have a straightforward interpretation in terms of the images of the multi-valued
mapping. In the case of random intervals, we are going to show that it amounts
to the measurability of the variables A and B determining the lower and upper

bounds of the images of Upy?:

Theorem 3.1. Consider a probability space (2, A, P), and let A,B : @ — R
such that A < B. Let T' = [A,B|, T'1 = (4, B). The following statements are

equivalent:
(a) T is strongly measurable.
(b) A, B are measurable.
(c) Ty is strongly measurable.
Proof:

(a) = (b) Given z € R, A7!((—00,7]) = I'*((—o0,2]) € A and B~1((—o0,z]) =
I'.((—o0,z]) € A, taking into account that I' is strongly measurable.

Hence, A and B are measurable.

2 A similar result by Wasserman can be found in [17, Lemma 6.1], although his result applies
to the composition of non-negative measurable mappings with random closed intervals.



(b) = (¢) Consider C' € fg. Then, (C,d) is a separable metric space, whence there
exists a countable set D C C dense in C. Given w € I'{(C), the intersec-
tion I'; (w) N C' # 0 is a non-empty open set in (C, B¢). Hence, (I'y(w) N
C)ND =T1(w)N D # B, because D is dense, and as a consequence w €
I5(D). Thus, T}(C) = TH(D) = Usepli({2}) = Usep(A~1(—00,2) N
B71(x,00)). This last set is measurable, for it is a countable union of

measurable sets, and this implies that I'; is strongly measurable.

(¢) = (a) Assume finally that I';y is strongly measurable. Then, A, B are also mea-
surable: for any z € R, A~!(—00,z) = I'j(~o0,z) and B~1(—o0, 2] =
T4 (—00, ). Now, for any C € (g,

P*(C) = {w | T@) N C £ 0} = {w | (T3 U {4, BY() N C £}
={w | MwnNC#M}U{w]|Aw) e CtU{w| Bw) € C}
=T (C)UA Y C)UBHC) € A.

We conclude that I' is strongly measurable. B

Remark 3.1. Although this is not relevant for the problem studied in the paper,
this theorem implies the equivalence between a number of measurability condi-
tions in the case of random intervals. The relationships between these conditions
for other types of random sets were studied by Himmelberg and others in [21, 22].
Using Theorem 3.1, we can prove that, if T' is a random (closed or open) in-
terval, the strong measurability is equivalent to the so-called weak-measurability,

C-measurability and measurability. 4

Next, we recall the main results established in the literature about the sets
P(T) and M(P*) that hold in particular for random intervals. Most of them
have been proven for more general types of random sets, and, as we will show,
can be improved when the images of the random set are intervals of the real
line. We start with random closed intervals. They constitute a particular case

of compact random sets on Polish spaces, which satisfy the following properties:

Theorem 3.2. Let (2, A, P) be a probability space, (X,T) a Polish space and
I':Q— P(X), a compact random set. Then,

1. P* is continuous for decreasing sequences of compact sets.
2. P*(A) = SUP K C Acompact P*(K) = iIlnggopen P*(G) VA € Bx.

3. M(P*) is W-compact.



4. P*(A) =max P(T")(A) VA € Bx.
5. M(P*) = Conv(P(I)).

The first point of this theorem was proven in [5]. Together with some results
from [23], it implies points 2 and 3. On the other hand, the equality P*(A) =
sup P(T")(A) YA € Bx was given in [6]. In [29], we showed that P(I')(A) has
indeed a maximum and a minimum value. These two facts together imply
the fourth point. Finally, point 5 was proven in [4]. Although this last point
establishes a link between P(T') and M (P*), this is not a very strong one, as

the following example shows:

Example 3.1. Consider wy € R, the probability space ({wo}, {{wo}, D}, dw,) and
let us define I : Q@ — P(R) by I'(wo) = [0,1]. Then, P(I') = {d, | € [0,1]}.
On the other hand, P*(A) = 1 VA € Bg s.t. AN[0,1] # 0, whence M(P*) =
{Q : Br — [0,1] probability | Q([0,1]) = 1}. &

Let us summarize now the properties of random open intervals that have
been established in the literature.

Theorem 3.3. [29] Let (2, A, P) be a probability space, (X,d) a separable met-

ric space and I : Q@ — P(X), an open random set. Then,
1. P*(A) =sup ca finite P*(J) VA € Bx.
2. P*(A) =max P(I")(A) VA € 0Ox.

Although the results summarized in Theorems 3.2 and 3.3 are interesting
in their own right, we would like to know if there exists a stronger relation-
ship between M (P*) and P(T'): as Example 3.1 shows, the equality M (P*) =
Conv(P(T)), which holds when T" is a random closed interval, does not prevent
the existence of an important difference of precision between P(I") and M (P*);
in the case of random open intervals, we do not even know whether that equality
holds. We are going to prove that, given a random (closed or open) interval de-
fined on a non-atomic probability space, the closures of M (P*) and P(T") under
the topology of the weak convergence coincide. We will use some ideas from
[31].

Let Q := {q1,¢o, ...} denote the set of the rational numbers. Fix n € N,
and let Q,, be the field generated by {(—o0,q1],. .., (=00, qn]}. Assume, for the
sake of simplicity, that the elements {q1,...,q,} satisfy ¢1 < g2 < -+ < g3

3This is done merely to simplify the notation in our further development, but is not essential
to the construction. Note also that we are only assuming it for the natural number n fixed.



Then, 9, coincides with the field generated by

D, = {(—OO, QI]7 (qh q2]7 LR (anlu Qn]7 (qn7 OO)}7

which is the class of the (finite) unions of elements from D,,. Let us denote
D, ={Fi,...,Ey11}, and let us define

P([)n :={Pv 1g,| V € S}

and
M(P") :={Q 1o,
the classes of the restrictions of the elements of P(I") and M (P*) to the field Q,,.

Each of these restrictions is uniquely determined by its values in the class D,,,

Q € M(P)},

because a probability measure is additive. We are going to prove that P(T),
and M (P*),, coincide when the initial probability space is non-atomic. This will
mean that, for every natural number n and for any Q € M(P*), there exists
P, € P(T') such that @ and P, coincide on the sets (—o00, ¢1], ..., (—00, ¢,]. Our
proof requires the following lemma:

Lemma 3.4. Let (2, A, P) be a non-atomic probability space, and let T' : Q —
P(R) be a random interval. Then, P(T), is convex.

Proof: Consider Uy,Us € S(I'),« € (0,1), and let us prove the existence of
U € S(T') such that Py = aPy, + (1 — )Py, on Q,. Consider the measurable
partition of Q given by {Ci; | i,5 = 1,...,n + 1}, where Ci; = U "(E;) N
U2_1(Ej)7 and let 8;; = P(Cy;). The non-atomicity of (€,.A, P) implies the
existence, for all ¢, j = 1,...,n+1, of a measurable set D;; C C;; s.t. P(D;;) =
af;;. Take D = U?:ll U?ill D;;, and define

U .= U1]D —|—UQIDc.

e Taking into account that U;, Us are measurable selections of I', we deduce
that U(w) € T'(w) for all w € Q.

e Given F € Bg, U Y(F) = (U7 (F)Nn D) U (Uy(F) N D¢) € A, because
D € A and Uy, U, are measurable. Hence, U belongs to S(T).



e Fixie {l,...,n+1}. Then,

n+1

Py(E;) = P(Uy "(E;) N D)+ P(Uy '(E;)n D) = Y P(C;; N D)
j=1
n+1 n+1 n+1 n+1
+Y P(CinD) =Y P(Dy)+ > [P(Cii) — P(Dy)] = > afy
=1 =1 =1 =1
n+1 n+1 ’ n+1 ’
+) [Bui—abul = @) Bij+(1-a) Y i = aPy, (B)+(1—a) Py, (Ey).
=1 j=1 =1

Using the additivity of Py, we deduce that Py(G) = aPy, (G) + (1 —
)Py, (G) for all G € Q,.

We conclude that the class P(T'),, is convex. B

Let us define the multi-valued mapping

Ir':-Q — P,

It is strongly measurable respect to the o-fields A and P(D,,): given I C
{1,....n+1}, it isT*{E; |i e I}) = {w | Ji € [LE; € T"(w)} = {w |
Jie ,T(w)NE; #0} = {w | T(w) N (UerE;) # 0} = T*(Uier E;) € A. More-
over, it takes values on a space, D,,, with a finite number of elements. Hence,
we may apply the properties established in [8, 30] for random sets on finite
spaces. Let m € S™*! be a permutation, and let @, be the probability measure
on P(D,,) satisfying

QW({EW(1)7 . ,Eﬂ,(j)}) = PF/({EW(U, ey Eﬂ(j)}) Vi=1,...,n+1. (1)

(Qr is completely determined on P(D,,) by these equations because of its ad-
ditivity). Then ([8, 30]), Ext(M(P})) = {Qx | # € S""'} and M(Pp) =
Conv({Qx | ™ € S"*1}). These considerations allow us to establish the follow-
ing result:

Lemma 3.5. Let (2, A, P) be a non-atomic probability space, and let T' : Q —
P(R) be a random interval. Then, M(P*), = P(T),.

Proof: It is clear that P(T"),, C M(P*),,. Conversely, consider Q € M (P*),
and let us define a probability @1 on P(D,,) by the equations

Q({E;})=QE;)VYji=1,...,n+ 1 (2)

10



Q1 belongs to M(Pf): given I C {1,...,n+ 1}, Q1({Eiticr) = QUierE;) <
Pi(UierE;) = Pp({Ei}ier). Let us prove that there exists P’ € P(I), s.t.
P(E;) = Q1({E;}) Vj = 1,...,n+ 1. Assume first that () is an extreme
point of M(P},), i.e., that there exists some 7 € S™*! sit. Q is equal to
the probability @, defined by Equation (1). From Theorems 3.2 and 3.3,
given j € {1,...,n 4 1}, there exists V; € S(I') such that PVj(U?:lEﬂ(i)) =
Pi(U_ Ery) = Pi({Brqy, - - - Bx(jy})- Let us denote Fj = V7 (UL Ex(y)),
and define U, : Q@ — R by
n+1

Un =Valp, + 3 Vilpuiztry
=2

o Iy = VTH_l(UZI llEﬂ( ) = V. (R) = Q. Hence, Uy is well-defined.

e It is a measurable selection of I', because it is a measurable finite combi-

nation of measurable selections.
o Consider j € {1,...,n+1}. Then, Py, (U?ZlEﬂ(i))

n+1
= P(Vfl(Uf:le(i)) NF)+ Z P(kal(Uizlem) N [Fy \Ufgllﬂ])
k=2

> P(Vy MUy Briy) N FL) + Y PV N (UL Bry) N [Fi \ U2 F)
k=2

j
=P(F)+ Y _ P(Fy\UZF)=P(FyU---UF;) > P(F))
k=2
= Pr(EryU---UEr; ) = Po({Er1), - Er(i)})-

On the other hand, Py, (U_,Eri)) < PE(U_1Ery) = Pi({Enpi )}1’ D
because U, € S(I). Therefore, Py (U_,Erw) = Pi({Briy Y1) =
Ql({Eﬂ”(i)}g:O V] =1,...,n+ 1

Now, if Q1 is not an extreme point of M (Pf,), there exist [ > 2, A,..., A\ >
0,0, N =1,m1,...,m € S"*! such that Q, = 3'_, \iQx,, where Q, is the
extreme point of M (P},) defined by (1). Then,

Q1({E;}) = ZAQ,H{E} ZAPU (ZAPU> ) V.

From Lemma 3.4, P(T"),, is convex, whence there exists W € S(I') s.t.

(Z)\PU> =Qi({E;})=Q(E;)Vi=1,....,n+1.

11



We deduce that @ € P(I'),, and this implies that P(I"),, = M(P}). B

Let us prove now that, if the initial probability space is non-atomic, the
Wh-closures of P(I") and M (P*) coincide.

Theorem 3.6. Consider a non-atomic probability space (2, A, P) and a random
interval T : Q — P(R). Then, M(P*) = P(T).

Proof: It is clear that P(I') C M(P*). Conversely, consider @ € M(P*).
For any natural number n, the restriction of @} to the field @, belongs to
M(P*), = P(I'),, whence there exists P,, € P(T") such that P,((—o0,q]) =
Q((—00,¢;]) for all i = 1,...,n. Consider the sequence {P,},, C P(T"). For

any rational number ¢, the sequence {P,,((—o0, q])}.» converges to Q((—o0,q]),

because it is constant on this value after some natural m, by construction. Hence

(12]), { P} m converges weakly to Q. We deduce that M (P*) C P(T") C M(P*),
whence M(P*) = P(T'). &

Remark 3.2. The reader can find similar results in [18, 33]; nevertheless, these
results assume either the completeness of the initial probability space or work
with almost everywhere selections, something we do not consider in our case.
Moreover, the work in [33] is related to the notion of selectionable distribution
from [1], which allows to change the initial probability space while keeping the
upper probability, something not possible in our context. Another interesting
study on this subject can be found in [19], in that case with the canonical o-field
generated by T' on the initial space, that is, the smallest o-field that makes T’

strongly measurable. ¢

If T' is in particular a random closed interval, we deduce from the third point
of Theorem 3.2 that M (P*) = P(T). This is interesting because the difference
between a set of probabilities and its closure will in general be much smaller
than the one existing respect to its closed convex hull; hence, when the initial
probability space is non-atomic, the difference of precision between P(I") and
M (P*) will not be too big, and in particular we will not have situations like the
one given by Example 3.1. Next, we check that the previous theorem does not
hold for arbitrary initial probability spaces:

Example 3.2. Consider the random interval from Example 3.1, where ) =
{wo} and T'(wo) = [0,1]. We showed then that M (P*) = {Q : fr — [0,1] prob. |
Q([0,1]) = 1} and P(T') = {4, | € [0,1]}. From Theorem 3.2, M(P*) is W-
closed. On the other hand, given a sequence of degenerate probabilities {0z, }n, it

can only converge weakly to another degenerate probability 6., with lim, x,, = x.

Hence, P(T') is also W-closed and P(T') # M(P*).

12



Next, we prove that given a random open interval, the closure or M (P*)
coincides with the closed convex hull of P(T'). We use the classes Q,, and
D, ={FE1,...,E,41} and the random set I from our previous results.

Theorem 3.7. Let (2, A, P) be a probability space, T’ a random open interval.
Then, M (P*) = Conv(P(I)).

Proof: It is clear that Conv(P(T")) € M(P*), because M(P*) is con-
vex. Conversely, consider @ € M(P*). Fix n € N, and let us define a
probability measure QT on P(D,,) by Equation (2). Then, QF belongs to
M(Pt) = Conv(Ext(M(PL))). From Lemma 3.5, given an extreme point
Qr of M(Pf) there exists Py, € P(T") such that Py (E;) = Q-({E;}) Vj =
1,...,n + 1% Hence, given Q7 € Conv(Ext(M(Pf))), there exists P, €
Conv(P(T")) such that P,(E;) = QT({E;}) = Q(E;) Vj =1,...,n+ 1. Now,
reasoning as in Theorem 3.6, it can be checked that the sequence of prob-

ability measures {P,}, C Conv(P(I")) converges weakly to Q. Therefore,
M(P*) C Conv(P(T")) € M(P*), whence M (P*) = Conv(P(T)). B

Summarizing, we have showed that, given a random interval I'; the closure
of M(P*) is the closed convex hull of P(T") and, if the initial probability space

is non-atomic, then it coincides with P(I"). We are going to show next that,

even in this last case, the sets P(I') and M (P*) do not coincide in general.

Example 3.3. Consider the probability space (|0, 1],ﬁ[0’1],)\[071}), the random
variables A, B : [0,1] — R given by A(w) = —w, B(w) = w Yw, and let T =
[A, B]. Consider Q = %. It is clear that @ belongs to M(P*), because
Py, Pp € P(I') C M(P*) and this set is conver. Let us show that it does
not belong to P(I'). Assume ex-absurdo that there exists V € S(I') such that
Py = Q. Then, given C = V=1([0,1]) € By, it is A\p1(C) = Py([0,1]) =
Q([0,1]) = 0.5. Let us define H = {D € By | Noyy(D N C) = 2Py
We are going to prove that H = o 1). For this, we are going to show that H
contains the class C = {[z,1] | z € [0,1]} and that it is a o-field.

o It is clear that ) € H. On the other hand, \p1)(C) = 0.5 = M,
whence [0,1] € H.

e Given x € (0,1],
V_l([$7 1]) c V_l([O, 1]) n F*([]}, 1]) =CnN [l‘, 1] -
Py([z,1)) = Q([z,1]) = w

4 Although Lemma 3.5 assumes the non-atomicity of the initial probability space, it can be
checked that this condition is not necessary for this particular property.

< A,y (C N[z, 1]).
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Similarly,

V(=1 —2]) S VTH([=1,0)) NI* (-1, ~2]) = C° N [z, 1]

= Py([-1,~a]) = Q(-1,~a]) = w

_ w < Aoy (€N [z, 1]).

NC) + Ao ([z, 1] N C9)
1) Ao,y ([z,1])
- 2 2 =l-r= 2
= )\[071]([37, 1} n C) = )\[0,1]([1', 1] N Oc)

This shows that the class C is included in H. Let us show now that H also
includes the field generated by C. Consider the following classes:

e C;:={D,D°| D eC}. Givenz€[0,1],

A0,11([0,2) N C) = Xo,11(C) = Ao,y ([z,1] N C)

. 1—=z - T _ )\[071]([0,‘%))
=05 -5 =5 =

Hence, Cy CH.

e Cy = {Dl n---NDy | D; e Cl} = {[0,:17),[1‘,1],[1‘171’2) ‘ T,T1,T2 €
[0,1],21 < x2}. Given x1 < x2 € [0,1],

/\[0’1]([331@2) n C) = )\[0’1]([7}1, 1] n C) — /\[0’1]([332, 1] N C)
_1—371 1—3?2_.%'2—171

2 2 2 ’
whence [x1,x2) € H. Hence, Co C H.

e C3:= {D1U"'UDn | D; € Cy Vi,DiﬂDj :Q)VZ#j} GivenDl,...,Dn

pairwise disjoint in H,

Mo (U Di) NC) = " Ao1(Di N C)

i=1

_ zn: Ao,11(Ds) _ Apo,17(Ui1 Dy)
2 2 '

=1

Hence, C3 CH, and it is ([3]) C3 = Q(C).
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Now, taking into account that the Lebesgue measure is continuous, we can prove
that given a monotone sequence of elements of H, its limit also belongs to H.
Hence, H is a monotone class and contains the field generated by C, whence it
contains the o-field generated by this class, i.e., Bjo,1)- Hence, for any D € Bjg 11,
Ap,)(DNC) = )\[O#(D) But this implies in particular that 0.5 = \jg 1)(C) =
20119 _ .95, This is a contradiction. Hence, @ does not belong to P(T") and

2
this set is a proper subset of M(P*). ¢

This example shows that, even when the initial probability space is non-
atomic, the upper probability does not necessarily keep all the available infor-
mation about the probability distribution of Pp,: the class M(P*) does not
coincide in general with P(I"). Our next section will be devoted to the search
of sufficient conditions for the equality between these two sets of probabilities.
First, we will give conditions valid for random closed intervals, and later we will

focus on random open intervals.

4 Sufficient conditions for the equality between
P(T') and M (P")

In this section, we are going to study under which conditions the sets of prob-
abilities P(T') and M (P*) coincide. The equality between them will mean that
the available information about the probability induced by the original ran-
dom variable (which is given by the class of the probability distributions of the
measurable selections) can be modelled through the upper probability of the
random interval. Indeed, taking into account that the upper probability of a
random closed interval is completely determined by its values on the compact
or the open sets (from the second point of Theorem 3.2) and that the upper
probability of a random open interval is determined by its values on the finite
sets (see the first point of Theorem 3.3), when P(T') and M (P*) agree there is
an even simpler way to represent the available information.

We are going to focus on random intervals defined on non-atomic probabil-
ity spaces: as Theorem 3.6 shows, in that case the closures of P(T") and M (P*)
coincide, something that does not hold for arbitrary random intervals. More-
over, the non-atomicity of the initial probability space is not a very restrictive
hypothesis: it holds for instance if we have the additional knowledge that Py,,
the probability induced by the original random variable, is continuous (see for

instance [15]).

15



4.1 Conditions on random closed intervals

Let us focus first on random closed intervals. As Example 3.3 shows, the sets
of probabilities P(I') and M (P*) do not necessarily coincide when the initial
probability space is non-atomic. We shall prove that, under some additional
conditions on the extremes of the random closed interval, it is P(T") = M (P*).
The initial probability space of all the random intervals we shall consider in
this section will be ([0, 1], Bjo,1], Ajo,1))- Although the use of the interval [0, 1]
will simplify somewhat the proofs of the results we will establish, they can be
easily generalized to the case where the initial space is an interval [c,d] and we
consider the probability measure % on B q- It would be interesting to study
if they can be further generalized to the case of an arbitrary non-atomic space,
using that in this last case there exists a uniformly distributed random variable
V:Q—10,1].

We start showing that P(T") and M (P*) coincide when the extremes A, B of
the random closed interval are increasing. A random closed interval of increas-
ing extremes can be used for instance when we know that Uy is an increasing
mapping. Then, given wy < ws, it will be Uy(ws) > Up(wy) > A(w), whence,
if A(wg) is the most precise lower bound of Uy(ws) we can give, it must be
A(wsg) > A(wq). Similarly, it is B(ws) > Up(wz) > Up(w1), whence, if B(w;) is
the most precise upper bound of Up(w;) we can give, it is B(wy) < B(wz). This
means that, when Up is increasing, we may assume without loss of generality
that A and B are also increasing.

Proposition 4.1. Consider the probability space ([0, 1], Bjo,17, Ajo,1]), and let
A, B :[0,1] — R be increasing random variables. For the random closed interval
I'=[A, B], P(T') = M(P*).

Proof: It is clear that P(I') C M(P*). Conversely, consider Q) € M(P*),
and let us show that there exists U € S(I") such that Py = Q. Let

V:(0,1) — R
w = nf{y |w < Q((=o0,y])}
be the quantile function ([3]) of Q. It is an increasing function (and, as a con-
sequence, measurable) and satisfies the equality Py = @ when the probability

measure considered on the initial space is A ;). Taking into account that A is

increasing, we deduce that there is a countable number of elements w € (0, 1)
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such that A(w) > sup,, ., A(w'). Let N be the set of these points, and define

V'i0,1] — R

. V(w) #fwe(0,1)\N
“ A(w)  otherwise.

Let us show that V' is a selection of I'. Given w € {0,1} U N, it is V'(w) =
A(w) € I'(w). Consider then w € (0,1) \ N.

o V(w) =V(w) =inf{y [ w < Q((—o0,y])} = inf{y [ w < P*((—00,y])} =
inf{y | w < Fa(y)}, where the first inequality holds because Q) € M (P*).
Let us prove that inf{y | w < Fa(y)} > A(w): consider y € R s.t.
F4(y) > w. Taking into account that A is increasing, it must be [0,w) C
A71((—00,y]). On the other hand, A(w) = sup,, ., A(w') < y, because
w ¢ N. We deduce that inf{y | w < Fa(y)} > A(w) and as a consequence
V' (w) > Aw).

e On the other hand, V'(w) = V(w) = inf{y | w < Q((—o0,y])} < inf{y |
w < P((—o00,y])} = inf{y | w < Fp(y)} < B(w), where the inequality
follows from @ € M(P*) and the second, from B being increasing.

Moreover, taking into account that the mappings V' and A are measurable and
that the sets {0,1} U N and (0,1) \ N belong to o1}, we deduce that V' is
measurable. Finally, the restriction of V' to the interval (0,1) coincides with V'
except for the null set N. As a consequence, the probability distributions of V'
and V' coincide and Py = Py = Q. We deduce that M (P*) = P(T"). B

We can easily see that the equality between P(I') and M (P*) also holds
when the random variables A, B : [0,1] — R are increasing except for a null
subset of [0, 1]. Tt also seems easy to show that P(T') and M (P*) coincide when
the variables A, B determining the random interval are decreasing functions.
Such a random interval can be used when we know that Uy is a decreasing
function; following a reasoning similar to the one prior to Proposition 4.1, it
can be checked that in that case the variables A and B can be assumed to be
decreasing, too.

In some cases, a random closed interval can be transformed into a random
closed interval with increasing extremes without modifying the upper probabil-
ity. We will prove that in some of those situations the sets of probabilities P(T")
and M (P*) coincide. We need to establish the following lemma:
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Lemma 4.2. Consider the probability space ([0,1], Bjo.1], \jo,1]) and a measur-
able mapping U : [0,1] — R. Let us define h: [0,1] — [0,1] by
h(w) = Fy(Uw)7) + X, ([0,w] N\UT{U (w)})) Ve
1. h(w) < Fo(U(w)) Ve
2. h is measurable and uniformly distributed on [0, 1].

8. If V is the quantile function of Py, there exists a null set N € /\/’,\[0)1] s.t.
(Voh)(w)=U(w) for any w ¢ N.
Proof: Let us remark first that if U(w) is a continuity point of the distrib-
ution function Fy, it is h(w) = Fy(U(w)™) = Fy(U(w)).

1. Consider w € [0, 1]; then,

h(w) = Fu(U(w)7) + Apy([0,0] N U {U(w)}))
< Fy(Uw)™) + Ao (U T ({U()})) = Fu(U(w)).
Hence, h < Fy o U.

2. Let us show that h is a uniformly distributed random variable. Consider
x € [0,1].

e Assume first that there is some wy € [0,1] s.t. Fy(U(wo)™) <
r < Fy(U(wp)), and define C = U~ 1({U(wo)}) N h71([0,2]). Given
wi € C, it is [0,w1] N U {U(wo)}) € C, because the restric-
tion of h to U1({U(wp)}) is increasing. Let wy = sups. Then,
C = [0,ws] NU (U (wp)) measurable. It is clear that sup .o h(w) <
xz. If sup,co h(w) < z, then there would exist some w’ such that
sup,cc < h(w') < z, because Ao 1) is continuous and moreover
SUP,eu—1({U(wo)}) Mw) = Fu(U(wo)) > x. But then w’ would be-

long to C, a contradiction. Now,

h=([0,2])
={w [ h(w) < Fy(U(wo) )} U{w [ Fu(U(wo)™) < h(w) <z}
={w [ Fy(UW)) < Fy(U(wo) ™)} U([0,w2] NUT({U(w0)}));

is measurable, and consequently

Pp([0,2]) = Ao y({w | Fu(U(w)) < Fu(U(wo))}) + Ajo,11(C)
= Fy(U(wo)™) + Ao, ([0, wo] NU T ({U(wo)})) = jlelgh(W) = 1.
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e If there is not any wy under the conditions of the previous point, then
there exists w; € [0, 1] such that z = Fy7(U(wy)). Then, h=1(]0, 2]) =
{wlFy(U(w)) < o} € Bjo,1) and Pu([0,2]) = Fy(U(w1)) = z, taking
into account that {w | U(w) > U(w1), Fy(U(w)) = Fu(U(w1))} is a
null set.

3. Let V : (0,1) — R be the quantile function associated to Py, given by
V(w) =inf{y | w < Py((—o0,y])}, and let us define V(0) = V(1) = 0, to
make the composition V oh possible. We are going to show that Voh =U
except for a null subset of [0,1]. Consider = € R.

e Assume that z is a discontinuity of Fi;, and let us define the measur-
able set N, = U~ ({z})Nh~ ({Fy(x)~}). Then, taking into account
that h is uniformly distributed, we deduce that IV, is null. Moreover,
for any w € U=t({z}) \ Ny, it is Fy(z™) < h(w) < Fy(z). As a
consequence, V(h(w)) = inf{y | h(w) < Fy(y)} = ¢ = U(w). Let
us define N' = U{N,, | = discontinuity of Fy;}. This is a null subset
of [0,1], because every N, is null and Fyy has at most a countable

number of discontinuities.

e Let us assume now that z is a continuity point of Fy. If Fyy(z —¢) <
Fy () for all € > 0 then, given w € U~ ({z}),

V(h(w)) = V(Fu(U(w))) = V(Fu(z))
=inf{y | Fy(z) < Fy(y)} =2 =U(w).

If, on the contrary, there exists € > 0 such that Fyy(z—e) = Fy(z), let
€, be the greatest ¢ under these conditions, and d, > 0 the greatest
real number such that Fyy(z) = Fyy(z+0,). Consider N, = U~ ((z—
€2, + 0z]) € Ppo1)- Then, the equality Fy(x +6,) = Fy(r — €)
implies that N, is null.

There exists a countable number of disjoint intervals (x — €;, 2 + d,)
of this type, because any two different intervals are disjoint (each of
them corresponds to a different value of Fyy), and all the intervals
have positive Lebesgue measure. As a consequence, the union N? of
the inverse sets N, of these intervals by U is a null subset of [0, 1].

Now, the measurable set N = N' U N2 U {0,1} is null, and given w €
[0,1]\ N, it is V(h(w)) = U(w). This completes the proof. W
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Next, we are going to use this lemma to prove that the equality P(I") =
M(P*) holds when the random variable determining the lower bound is con-
stant. This type of random closed intervals can be used when, due to the avail-
able information, we can only modify the upper bounds of the values Up(w),
while the lower bound is invariably the minimum value that U, can achieve.
Although we prove our result for random closed intervals of the type I = [0, B],
it can easily be generalized for random closed intervals of the type I' = [k, B,
with £ € R and B : [0,1] — [k, c0) measurable.

Theorem 4.3. Consider the probability space ([0, 1], Bjo,11, Ajo,1)) and a random
variable B : [0,1] — [0,00). For the random closed interval T' = [0, B], P(T") =
M(P*).

Proof: Let V denote the quantile function of Fp, and let us extend it to
[0,1] with V(0) = V(1) = 0. Consider the random closed interval IV = [0, V].
The upper probabilities of I" and I coincide: given C' € (g, it is PA(C) =
Mo ({0 | 10, B@)] NC # 0}) =

Pp((infonp,0e),00))  if infenjo,e) & C
PB([infCﬁ[O,oo)7 OQ)) if infCﬁ[O,oo) eC

Similarly, P (C) =

{Rﬂm%mmMM)iﬁﬂmm@¢C
Py ([infenp,00),00))  if infonpe) € C
Taking into account that Pg = Py, we deduce that PE(C) = PE (C) YC € (g.
The mapping V : [0,1] — [0,00) is increasing on [0,1). Applying Proposition
4.1, we deduce that M (Pt) = M(Pf) = P(I'). Consider Q € M(Pf). Then,
there exists U € S(I”) s.t. Py = Q. On the other hand, Lemma 4.2 implies

the existence of a uniformly distributed random variable & : [0,1] — [0,1] s.t.
h < Fpo B, and anull set N € ()9 ) with V(h(w)) = B(w) Yw ¢ N. Define

U1 . [0, 1] — R
L {U@W» if we 0,1\ N

0 otherwise

e Let us show that U; is a selection of I Given w € N, Uj(w) = 0 €
I'(w). Consider now w ¢ N. Then, U;(w) = U(h(w)) > 0, and U;(w) =
U(h(w)) < V(h(w)) = B(w).

e Taking into account that U and h are measurable and N € o 1}, we

deduce that U; is measurable.
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e Given C € [,

Py, (C) = Ao,y (UL H(C)) = Mo,y (hHUTH(C)))
= A, (U™H0)) = Pu(C) = Q(C),

because h is uniformly distributed on [0, 1] and N is a null set. Hence, Uy

is a measurable selection of I' and Py, = Q. B

We think that it could be proven similarly that P(I') = M(P*) when
I' = [A k], with kK € R and A : [0,1] — (—o0,k] measurable. This would
mean that whenever one of the bounds is constant, the upper probability keeps
all the information about the probability distribution of the original random
variable. On the other hand, we want to stress that, contrary to what might
be expected, there is no relationship between the probabilistic information of a
random interval I'; = [A, B] and that of 'y = [0, B— A], in the sense that in this
last case P(I'y) = M(Py,), and, as Example 3.3 shows, P(I'1) does not coincide
with M(Pf ) in general. Next, we consider the case where the functions A, B
determining the random closed interval increase or decrease simultaneously. We

call this type of functions strictly comonotonic °.

Definition 4.1. Two functions A,B : [0,1] — R are said to be strictly
comonotonic if and only if for every wy,ws € [0, 1], A(w1) < A(w2) < B(w1) <
B(WQ).

Random closed intervals with strictly comonotonic extremes can be used
rather intuitively as a model of the imprecise observation of a random variable.
If the observation made on w; is greater than the one made on wq, the upper
and lower bounds for the value Uy(w;) should intuitively be greater than those
for Up(ws). In particular, the following types of random closed intervals have

strictly comonotonic extremes:

e Random closed intervals of fixed length, I' = [U — ¢,U + €|, where the
margin for imprecision is the same in all the observations. These can be
used for instance when we observe the life time of some components, and

we check their state (on/off) in intervals of 2e units of time.

e Random closed intervals where the margin of imprecision increases with
the lower bound, so A(w1) < A(ws) yields B(w1) — A(w1) < B(wsz) —

5Denneberg ([10]) calls two functions A, B comonotonic when they satisfy (A(ws2) —
A(w1))(B(w2) — B(w1)) > 0 Vw1, w2. The same concept is used by Dellacherie in [7]. For our
next result, we need to introduce the following definition, which is slightly stronger.
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A(ws). As a particular case, this model contains the intervals of the type
[(1-6)U, (146)U], where U(w) is the observed value in the element w and
9 € (0,1). In these cases, if the observed value U(w) increases, so does the
margin of error. Random closed intervals whose extreme functions satisfy
the relationship B = k1 - A + ko, with k1 > 1, ks > 0 are also of this type.

On the other hand, the extremes of the random intervals considered in
Proposition 4.1 and Theorem 4.3 are not strictly comonotonic in general: two
increasing functions A, B : [0,1] — R are strictly comonotonic if and only if
A(w1) = A(w2) & B(wi) = B(wz) for any wy,ws € [0,1], and a non-negative
random variable B : [0, 1] — [0, 00) is not strictly comonotonic with 0 unless B
is constant.

For the purposes of this paper, the main advantage of random closed in-
tervals with strictly comonotonic extremes is that there exists a random closed
interval with increasing extremes with the same upper probability, which, from
Proposition 4.1, satisfies P(I') = M(P*). In order to prove this, we need to
establish first the following lemma:

Lemma 4.4. Consider the probability space ([0,1], Bjo.1], \jo,1]), and let A, B :
[0,1] — R be two strictly comonotonic random variables. Then, for any w €
0,1], Fa(A(w)) = Fp(B(w)) and Fa(A(w)) = Fp(B(w)").

Proof: Take w € [0,1]. Then, Fa(A(w)) = Apy({w’ € [0,1] | A(w') <
Aw)}) = Apy({w’ €10,1] | B(w') < B(w)}) = Fp(B(w)). On the other hand,
Fa(Aw)") = Moy’ € [0,1] | AW) < Aw)}) = Moy’ € [0,1] | B) <
B(w)}) = F5(B(w)"). ®

This lemma has an important consequence: if ha, hp denote the random
variables defined applying Lemma 4.2 respect to A, B, we have hy = hg. This
fact, together with Proposition 4.1, will allow us to prove the equality P(I") =
M (P*) for random closed intervals of strictly comonotonic extremes.

Theorem 4.5. Consider the probability space ([0,1], Bj0 .11, Ap,17), and let A, B :
[0,1] — R be two strictly comonotonic random variables. For the random closed
interval T' = [A, B], P(T") = M(P*).

Proof: Let V and W denote the quantile functions of F4, Fp, and let
us define V.= AW = B in {0,1}. Then, V,W : [0,1] — R are increasing
functions (except for the null set {0,1}, which does not affect the result), and
satisfy Fy = Fa,Fyw = Fp. Let us define the random interval IV = [V, W].
Since A < B = F4 > Fp, we deduce that V' < W and I" is well-defined. Let
h :[0,1] — [0,1] be the uniformly distributed random variable satisfying h <
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Fj o0 A= Fpo B defined on Lemma 4.2. Then, there exist two null sets Ny, Ny
such that V(h(w)) = A(w) Yw € [0,1]\ N7 and W (h(w)) = B(w) Yw € [0, 1]\ Ns.
Consider N = N; U N», and let us show that Pr = Py,

From Theorem 3.2, it suffices to prove that P (G) = P (G) for every G
open, and, taking into account that P* is continuous for increasing sequences,
it suffices to show the equality for finite unions of open intervals. Consider
C = (a1,b1) U---U (an,by), with b; < a;4q for alli = 1,...,n — 1, and let us
show that P(C) = P} (C). We have

PE(C) = Ao,y (T*(C)) = Ap,y(A~H(C))
+ A,y (A7 (=00, a1]) N B~ ((a1,00)))

+Z>\01] H([bis aira]) N B ((@ig1,00))).
=1
Similarly,

PE(C) = Ao, (T(C)) = Ao, (VHO))
+ A[o,uw—l((—oo a1]) "W ((a1,00)))

ZA[O (V= ([bis aiia]) N W (@44, 00))).

From the equality Fyy = Fy4, we deduce that Ajg 1;(V~(C)) = Ao 11(A7HC)).
Consider now i € {1,...,n — 1}. From Lemma 4.2, it is Ajg 11(A™!([bs, ai41]) N
B7Y((ait1,00))) = A 071]( V(b aia]) VW ((ig, 00))]). Taking into
account that h is uniformly distributed,

No.a) (R VT H([bs, aiga]) VW (@i, 00))))
= Ao,y (V" ([bs, 1)) N W ((ai41,00))).
Similarly,
A1 (A7 (=00, a1]) N B~ ((a1,0)))

= Ao,y (R [V (=00, a1]) N W ((an, 00))])
= Ao,y (V™ (=00, a1]) N W ((a1,00))).

As a consequence, P/ (C) = P (C), and this implies that P = Pfi,. We proceed
now to prove that P(I') = M (P}). From Proposition 4.1, it is M (Pf,) = P(I),
because V' and W are increasing except on a null subset of [0,1]. Consider
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Q € M(Pf) = M(Pt). Then, there exists U € S(I”) s.t. Py = Q. Let us
define
Uy := (U o h)][071]\N + Aly.

e Givenw € N, U(w) = A(w) € I'(w). Consider now w € [0,1] \ N. Then,
Ui(w) = U(h(w)) € [V(h(w)), W(h(w))] = [A(w), B(w)]. Hence, U(w) €
INw) Yw.

e Taking into account that h, U and A are measurable mappings and N €

Bio,1), we deduce that U; is measurable.

e Finally, let us see that Py, = Q. Given C € fg,

Py, (C) = /\[0,1](U_1(C)) = Ao,y (U "(C)NN°)
= Xo,) (' (UHC)) N N®) = Ao,y (R~ H(UH(C)))
= Ao (U~H(C) = Q(0O),

where the third and the fifth equalities hold because h is uniformly dis-
tributed. Hence, U; is a measurable selection of I' and satisfies Py, = Q.
Therefore, P(I') = M (P*). &

We conclude that, even if a random closed interval I' does not satisfy in
general the equality P(I') = M (P*), there are a number of interesting situations
where the upper probability keeps all the information about the probability
distribution of the original random variable.

4.2 Conditions on random open intervals

We focus now on random open intervals. We are going to establish neces-
sary and sufficient conditions for the equality P(I') = M (P*). We start prov-
ing a relationship between the upper inverses of a set by the random intervals
(A,B),[A, B), (A, B] and [A, B].

Proposition 4.6. Let (Q, A, P) be a probability space, A,B : @ — R two
random variables s.t. A(w) < B(w) VYw, and let us denote T' = [A, B],T'1 =
(A,B),Ty =[A,B) and T's = (A, B]. Then, for any C € fr there exists D C C
countable s.t. T*(C) =T3(C)UAY(D)uU B~Y(D),T3(C) = T3(C) U A~Y(D)
and T4(C) =T3(C) U B~Y(D).

Proof: Consider C' € (g, and let us denote E; = T5(C) \ I';(C). We
are going to show first that there exists a countable set D C C such that
E; C A7YD). Take wy; € Fy, and let Dy := A(wy) = Ta(wy) N C. If By C
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A=Y(Dy), then T35(C) =T3(C)U By CT;(C)UA~Y(Dy) CT;(C)UTs(Dy) C
[';(C), and the result holds. Assume then that there exists wy € E1 \ A71(Dy),
and denote Dy = A(wg) = I'a(wz2) N C. Then, Dy N Dy = B, because wy ¢
A=Y(Dy). Moreover, Dy N T'y(wy) = 0: otherwise, w; € I'{(Dy) C I';(C), a
contradiction. Hence, Dy NTa(wy) = @, and as a consequence there is some
€ >0s.t. [A(ws), A(w2) +€) C T'y(wq)®. This implies that A(T'2(w2) \ T2(w1)) >
AT2(w2) N [A(wz2), A(wa) + €)) > 0, whence A(T'z(wy) UT3(wz)) > A(T2(wr)).
Again, if By C A=Y(D; U Dy), we deduce that T'5(C) = I'1(C) U A~1(D, U Dy),
and the result holds because D; U D5 is finite. Otherwise, we take ws € E7 \
A~Y(D; U D) and repeat the process. This can be done at most a countable
number of times, because A\(U;T'a(w;)) > MU' To(w;))¥n > 2. Hence, there
exists D = U, D, C C such that E; C A~Y(D), whence I's(C) = I';(C) U
A~Y(D). Besides, the set D is countable, because D,, = {A(w,)} for all n.

Consider now Ey = T'5(C) \ T';(C). Following a similar reasoning, we can
deduce the existence of D’ C C countable such that Fy C B~1(D’), and as a
consequence I'5(C) = T';(C) U B~1(D'). Finally, if we consider the countable
set D" = DUD',itis '*(C) =T%(C)UE,UE, =T%(C)UA~Y(D)UB~Y(D') C
I3 (C)UA=Y(D"YUB~Y(D") C T*(C). In particular, I'5(C) = I';(C)UA~Y(D")
and T%(C) = TH(C)UB~Y(D"). A

Using this result, we can establish a relationship between the upper proba-
bilities induced by the random intervals (A, B), [A, B), (A, B] and [A, BJ.

Corollary 4.7. Consider a probability space (2, A, P), and let A, B : Q — R be
two random variables such that A(w) < B(w) Yw. Let us denoteI' = [A, B],T'; =
(A,B), Ty =[A,B) and T's = (A, B]. Then,

1. If Fa 1s continuous, then Pi = Pr,.
2. If Fp 1s continuous, then Py = Pf. .
3. If Fa and Fp are continuous, then Pr = Pf = P, = Pf_.

Proof: Consider C' € fGg. From the previous proposition, there exists a
countable set D C C' such that I'*(C) = T';(C)U A~Y(D)u B~1(D), T'3(C) =
Ii(C)NA~Y(D),I'4(C) =Ti(C)uB~(D).

L. If Fa is continuous, then Py (C) < Py (C) + Pa(D) = P (C) < Py (C),

* *
whence Pi = Pr .

2. If Fp is continuous, then Py (C) < P (C) + Pp(D) = Py (C) < P, (C),

* *
whence Pr = Pr..
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3. If F4 and Fp are continuous, then PA(C) < Pt (C) + Pa(D) + Pp(D)
Pr (C) < PA(C), whence Pf = Py, and taking into account that P
Pr, < Prand P < Pf < Pfitis PR =Pp =P, =P,

IN

In [9], Dempster claimed that the upper probabilities of the random intervals
(A, B) and [A, B] coincide when the joint distribution of A and B is absolutely
continuous. Our corollary shows that it is only necessary that the (marginal)
distribution functions of A and B are continuous.

We can use this result to prove that the sets of probabilities P(T") and M (P*)
associated to a random open interval do not coincide when either of the distri-
bution functions of A and B is continuous. Hence, in those cases the use of the
upper and lower probabilities will cause a loss of precision respect to the class
of the probability distributions of the measurable selections.

Theorem 4.8. Let (2, A, P) be a probability space, A, B :  — R two random
variables with A(w) < B(w) Yw. Let us denote 'y = (A,B). If Fy or Fp is
continuous, then P(T'1) C M(P*).

Proof: Assume for instance that the distribution function F4 is continuous
(the proof when Fp is continuous is analogous). If we denote I'y = [A, B), then,
applying the previous corollary, it is P* = Pp,. The random variable A is a
measurable selection of T'y, whence Pa € P(T'y) € M(Pf)) = M(Py)). Let
us show that P4 does not belong to P(I'y). Assume ex-absurdo that U is a
measurable selection of I'y satisfying Py = Pa. Then, given C,, := {w € Q |
U(w) — A(w) > 1}, it is Q = U, C,, because U(w) > A(w) Vw. Take z € R.
Then,

P{U>z)=PA>z)+P(A<z,U>zx)

ZP(A>$)+P($1§A§$,UA>1>
n n

(A>z)+P<A <[:c % Dm(}n>
A T

whence P(C,,) = 0 for all n. But then it is P(Q2) = P(U,C,) = 0, a contradic-
tion. We conclude that P4 does not belong to P(I'y), and as a consequence this
set does not coincide with M (P*). B

Note that, if either of the distribution functions F4, Fg is continuous, the
initial probability space must be non-atomic. As we said before, when the initial
space has atoms, P(T") will not coincide with M (P*) except for very particular
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situations. Hence, it remains to see if these two sets of probabilities coincide
when the initial probability space is non-atomic and the variables A and B are
discrete. In that respect, we have proven that P(I') = M(P*) whenever the

random variables A and B are simple. Our proof requires the following lemma:

Lemma 4.9. [5] Let (2, A, P) be a non-atomic probability space, (X,P(X))
a measurable space, with |X| finite, and T' : Q@ — P(X) a random set. Then,
P() = M(P*).

Let us show the aforementioned result.

Theorem 4.10. Let (2, A, P) be a non-atomic probability space, and let T :
Q — P(R) be a simple random open interval. Then, P(I') = M (P*).

Proof: We will prove first that the result holds when I is constant, and
then we will use this fact, together with a relationship between simple random

intervals and random sets on finite spaces to prove the general result.

e Assume first that I' is a random set constant on some B € (g. Then,
M(P*) ={Q € Pg, | Q(B) = 1}. Consider Q € M(P*), and let U :
(0,1) — R be its quantile function. Then, Py = @, whence Py(B) =
1. We can modify U in the null set U~1(B)¢ so that U(w) € B VYw €
(0,1), and without affecting the measurability of U. On the other hand, if
(Q, A, P) is non-atomic, there is a uniformly distributed random variable
g :Q —[0,1] (see for instance [15]). Consider € B, and let us define

V:Q — P[R)
L U6 ifew) e o)
x otherwise
— Given w € Q, V(w) € B =T (w), because U(w) € B VYw € [0,1] and
r € B.
— V is measurable, because U and g are measurable.
— Taking into account that ¢ is uniformly distributed and {0,1} is a
null set, we deduce that Py = Py = Q.
We conclude that P(I") = M (P*).

e Consider now the case where I' is a simple random open interval. Then,
' can be expressed in the form T := Y"1  (a;, b;)Ic,, with {Cy,...,Cy}
a partition of 2. We can deduce from the strong measurability of I" that
C; € AVi=1,...,n. Let us define the class D := {H,N---NH, | H; €
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{(ai,b;), (a;,b;)°} Vi} = {E1,...,Ey,}. This is a finite and measurable
partition of R, and any interval (a;,b;) is a (finite) union of elements from
D. Let us define the bijection f : D — {1,...,m} by f(E;) = i Vi and
consider IV = fol': Q — P({1,...,m}).

— Given I C {1,...,m},
F/*({i S I}) = F*(Uingi) = Usjer UEi,g(a,-,b,-) Cj cA (3)

Hence, I" is strongly measurable.
— I is defined between a non-atomic probability space and a finite
space. Applying Lemma 4.9, M (Pf,) = P(IV).
Consider Q € M(P}), and let us define Q' = Qo f~1: P({1,...,m}) —
[0,1]. Then, @’ is a finitely additive probability. Besides, given I C

{1,...,m},

Q'(I) = Q(f (1)) = Q(Uicr Ei) < P (UerEy)
= > P(C5) = B (D),
(a;,b;)N(Vic1 E:)#0
also using Eq.(3). We deduce that Q' € M(Pt) = P(IV), and as a
consequence there exists a measurable selection of IV, Uy : Q@ — {1,...,m},
such that Py, = Q. Denote F; = U; '({i}) € Afori=1,...,m, and let
us define the multi-valued mapping

Ei ifwe Fz
w —
0 otherwise.

Consider the measure @Q; : g — [0, 1] given by Q;(A) = Q(AN E;) for
all A € fr. Then, Q;(A) < P(I';(A)) YA € BE,, because Q(E;) = P(F;)
for all 5. We can easily modify the first part of the proof ¢ to show the
existence of W; € S(I';) such that Py, coincides with @;. Let us define

wW:Q — R
w = Wiw)ifweF,.

Let us show that W is a measurable selection of I" and that Py = Q.

61t would suffice to consider the quantile function of the finite measure Q;, define W; (w) = 0
for all w ¢ F;, and proceed as in the first point of the proof.
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The class {F},...,Fn} = {U7 ({1}),..., U7 ({m})} is a partition
of Q. Besides, [';(w) # 0 Vw € F;, whence W is well-defined.

Consider w € F; for some arbitrary i = 1,...,n. Then,

W(w) = Wi(w) € Ti(w) = E; = [T ({i}) = [T ({Ui(0)})
€ fI (W) ={E; | Ej CT(w)} = W(w) € T(w).

— Given G € fg, W™HG) = U™, (W, H(G) N F;) € A, taking into
account that W; is measurable for all ¢ and U, is measurable. Hence,

W is a measurable selection of T'.

— Given A € (g,
Py (A) = Em: PW Y A)NF)= i PW; Y A)NF)
i=1 =1

m

_ ZQi(A) — ZQ(A NE;) =Q(A).

i=1
Hence, Py = @ and as a consequence M (P*) is equal to P(T"). B

We conclude that if the random variables A and B are simple and the ini-
tial probability space is non-atomic, the upper probability of the random open
interval (A4, B) keeps all the available information about the probability distrib-
ution of the original random variable. Taking into account that, from Theorem
3.3, this upper probability is determined by its values on the finite sets, these
values would suffice to summarize all the information about Py, . Note also that
the equality between P(T') and M (P*) does not hold in general when we drop
the hypothesis of non-atomicity from the initial probability space: to see this, it
suffices to consider a probability space with only one element, wp, and the multi-
valued mapping I'(wp) = (0,1). Then, it is P(I") = {d; | z € (0,1)}, and this
class does not coincide with M (P*) = {Q : fr — [0,1] prob. | Q((0,1)) = 1}.

An open problem from this paper would be to determine whether P(T")
and M (P*) coincide when the random variables A and B are discrete but not
simple. We conjecture that, if the initial probability space is non-atomic, we
have P(I') = M(P*): in the same way that many results for random sets on
finite spaces that can be extended to random sets on (N, P(N)), it might be
possible to extend the result from the previous theorem (where I' is simple)
to the case of A, B discrete random variables (where, as a consequence, I' has

countable range except for a null subset of the initial space).
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Remark 4.1. In some situations, it may be useful to consider random intervals
with one extreme open and the other one closed, such as Ty = [A,B) or I's =
(A, B] for some A,B : Q — R with A < B (see for instance [24]). Using the
results from this paper, or straightforward adaptations of their proofs, we observe
the following:

o M(Pg)) is the closed convex hull of P(I'2) and, if the initial probability
space is non-atomic, then M(Py,)) = P(I'2).

o If F4 is continuous, P(I'y) is a proper subset of M(Py,).

o If A and B are simple random variables and the initial probability space
is non-atomic, P(T'y) = M(Py)).

We can similarly derive properties for random intervals of the type (A, B], with
AB:Q—Rand A< B. ¢

5 The connection with fuzzy numbers

As pointed our by several authors ([5, 26, 35]), random sets can be regarded
as a special case of fuzzy random variables, that is, measurable mappings
that point any element of the initial space to a fuzzy subset of the final space.
Such mappings can be also interpreted as a model of the imprecise observation
of a random variable. However, it is worth noting that particular instances of
random intervals have also been connected to fuzzy numbers. A fuzzy number
([12]) is a normal fuzzy set X : R — [0, 1] whose a-cuts are compact and convex
subsets of the real line. Remember that these a-cuts are given by X, = {z €
R:X(z) > a}.

The connection between fuzzy numbers and random intervals is two-fold.
On the one hand, it is easy to see ([11, 12]) that if X is a fuzzy number,
the multi-valued mapping T' : [0,1] — P(R) given by I'(a) = X, is a fuzzy
(closed) interval. It satisfies moreover Pf({z}) = X(z), i.e., the one-point
coverage function of I' on z coincides with its image by the fuzzy number. This
relationship has been studied further by Goodman ([14, 16]) and Gil ([13]).
In particular, in [13] it is proven that, given a fuzzy number X and a fixed
probability space (€,.A, P), there exists a random interval on € whose one-
point coverage function coincides with X.

Conversely, we may also study whether we can define a fuzzy number from
a random interval. For instance, given an antitone random interval T : [0,1] —
P(R) (i-e., such that w; < wy = T(w1) 2 I'(wz)), the fuzzy set X:R— [0,1]
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given by X(z) = P*({x}) is a fuzzy number. This was extended by Dubois
and Prade ([11]) to the case where the initial space is ([a, b], Bq,4; Aletl)  The

b—a

next result shows that something similar holds if I' is defined on an arbitrary
probability space and is consonant, that is, if I'(wq) C I'(wz) or viceversa for

any wi,ws in the initial space.

Proposition 5.1. Let (2, A, P) be a probability space and consider a consonant
random interval T := [A, B]. Let us define X : R — [0,1] by X(z) = Pt({z}).

Then, X is a fuzzy number.
Proof: Let us show that the a-cuts of X are compact subsets of R.

e Consider z; < x5 in X,. Then, min{P*({z1}), P*({x2})} > a. Since
T is consonant, it is either {z1}* C {zo}* or viceversa. Then, given
w € {z1}*N{x2}*, both 21, x5 belong to I'(w). Hence, [z1,22] € T'(w) and
consequently {x1}* N {xo}* C {a}* for all z € [x1,x2]. Hence, [x1,22] C

X, and the a-cuts are convex.

e Let us prove now that these a-cuts are bounded. Assume for instance that
sup X = oo. From the previous point, we deduce that it is P*({z}) >
a Vz > k for some k. But this means that given B = Ny>i nen{n}”, it is
P(B) = P(Ny>k{n}*) > a > 0, because the consonancy of I' implies that
the class {{z}* : x € R} is totally ordered by set inclusion.

Now, any w € B satisfies € I'(w) Vo > k, whence [k, +00) C T'(w), a
contradiction. Since the same can be done respect to inf X,, we deduce
that this set is bounded.

e Let us show finally that these a-cuts are closed. Consider for instance a
sequence (zp,), in X, st 2, | 2. Given w € Npf{z, it is Aw) <z, <
B(w) Vn. Hence, it is A(w) < z < B(w), whence N, {z,}* C {z}*. Hence,
P*({z}) > P(Np{zn}*) > «, using again that {{z}* : z € R} is totally
ordered. Since the same can be done respect to increasing sequences, we
deduce that Xa is closed.

It remains to be proven only that the fuzzy set X is normal: since Plisa
possibility measure ([32]), it is sup,cp P*({z}) = 1. Now, {X, : a € (0,1)} is
class of compact sets with the finite intersection property, whence there exists
some Iy € ﬂaE(O,l)X(x = X, and then it must be P*({xzo})=1. 1

The interpretation of this result would be the following: since the member-

ship function of this fuzzy number coincides with the one-point coverage function
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of T, X(m) = P ({z}) would be the plausibility we give to the proposition ‘z is
the image of a point w by the original random variable Uy’ .

Since the upper probability of a consonant (in the sense defined above) ran-
dom interval is a possibility measure”, it is characterised by its one-point cover-
age function. Taking into account the duality between the upper and lower prob-
abilities induced by a random set, we see that X allows us to recover Pt Pir.
On the other hand, since Theorem 3.2 guarantees that P/i(A) = max P(T")(A)
and P,r = min P(T)(A) VA € S, we see that X contains all the information
about the values taken by Py, 8.

Unfortunately, from the point of view of the results established in this pa-
per, consonant random intervals are not specially interesting: if we look at the
sufficient conditions for the equality P(I') = M (P*) in Section 4, it is easy to
check that a consonant random interval I : [0,1] — P(R) does not satisfy any
of them unless one of the extreme random variables A, B is constant.

If, on the other hand, we do not assume I' to be consonant, we cannot assure
the a-cuts of X to be compact subsets of R: it suffices to make I' = {U} for
some simple random variable U : © — X. Then, the a-cuts of the fuzzy set X
defined in Proposition 5.1 would be finite sets (whence not necessarily convex).
Moreover, for non-consonant random sets the upper probability will not be in
general a possibility measure, whence a representation of its one-point coverage
function in terms of a fuzzy set will produce in general a loss of information

about the distribution of the original random variable.

6 Conclusions

In this paper, we have compared two different models of the probabilistic infor-
mation of a random interval, interpreting this one as the result of the imprecise
observation of a random variable. We have studied whether the class of the
probability distributions of the measurable selections coincides with the class of
probabilities bounded by the upper probability. This last set is easier to handle
than the former, but it is less precise in general. We have focused our attention
on random closed intervals and random open intervals. We have proven that the
closures, in the topology of the weak convergence, of M (P*) and of P(I") coin-
cide when the initial probability space is non-atomic. Nevertheless, P(T") can be
a strict subset of M (P*). This means that, although the sets P(T") and M (P*)
are strongly related, the upper probability can cause a loss of precision respect to

7See a more complete study on this subject in [32].
8Tt is P(T')(A) = [P«(A), P*(A)] YA € Br whenever the initial probability space is non-
atomic; see [29].
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the class of probabilities induced by the measurable selections. Because of this,
we have investigated if additional hypotheses on the random variables A and B
determining the random interval guarantee the equality P(I') = M (P*). In the
case of random closed intervals, we have obtained some sufficient conditions in
terms of the relationships between the values of A and B. Concerning random
open intervals, we have proven that if both these extremes are simple random
variables and the initial probability space is non-atomic, then P(T') = M (P*).
On the other hand, we have also shown that P(T") is a proper subset of M (P*)
when either of the distribution functions of the extremes of the random interval
is continuous. All the conditions we have established for the equality between
P(T") and M (P*) require the initial probability space to be non-atomic. As
we have already said, this hypothesis is not too strict, and holds for instance
when we know that the probability distribution of the original random variable
is absolutely continuous. On the other hand, when the initial probability space
has atoms, we think that P(I") does not coincide with M (P*) except in very
particular cases.

These results lead us to conclude that the sets of probabilities P(I') and
M(P*) have a stronger relationship in the case of random intervals than in
other types of random sets: in general, a random set does not necessarily
have measurable selections, and even if it has, it may not satisfy the equal-
ities P*(A) = max P(T")(A) for all A in the final o-field ([29]). Among the
open problems from this paper, we want to point out the study of the prop-
erties of random rectangles (that is, random sets I' : Q@ — P(R") defined as
INw) = [41(w), Bi(w)] X -+ x [Ap(w), Bp(w)] for 4;,B; : Q@ — R, A; < B; Vi).
This type of random sets could be of interest when we are observing several
characteristics of the elements of the same space. Concerning the connection
between random intervals and fuzzy sets, we would like to study the relationship
between random open intervals and fuzzy sets (not necessarily fuzzy numbers).
This would give a different perspective to the problem studied.
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