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Classification - Setting

A classic classification problem is composed of :
« Data training D = {x;, y;}"¥ ; such as :
> (Input) x; € & are regressors or features (often x; € RP).
o (Output) yj € & is a response category variable, with
K ={m,..,mg}
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Classification - Setting

A classic classification problem is composed of :
« Data training D = {x;, y;}"¥ ; such as :
> (Input) x; € & are regressors or features (often x; € RP).
o (Output) yj € & is a response category variable, with
K ={m,.., mg}

Objective

Given training data D = {x;, y,-}ﬁ 0 We need to learn a classification
rule : ¢ : & — % in order to predict a new observation ¢(x*)
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Classification - Outline (Example)

Getting Training
Data

D =(x, Yl g¥i €{°,°:°}

®q ,Qa°v uoc &
ggvee o

8 o
w0 o

X2

& o

8

X1

11th Workshop on Principles and Methods of Statistical Inference with Interval Probability - utc 5

Recherche



3 .
Classification Imprecise Classification Future work Conclusions Références S ST

"N heudiasyc

Classification - Outline (Example)

Getting Training Learning a
Data classification rule :
O X -

D =t yfeori €400} D =, g € (-0}
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Classification - Outline (Example)

Getting Training Learning a Predict class for
Data classification rule : new instances :

O X - y =¢o(x*IX)y)

D =(xi, y)ie g¥i €{°,°.°}

D =(x;, y)egyi €{° .2}
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Classification - Outline (Example)

Getting Training Learning a Predict class for

Data classification rule : new instances :
¢X - y =¢(xIX,y)

CECHIIAS SR D =06, ylLgi € {0} D =, yllgyi € (-0}

X2

But :

o How can we learn the “classification rule” (model) from
training data ?
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Decision Makmg in Statistic

o In statistic : classification rule often seen as a decision-making
problem under risk of getting missclassification.

R(y, (X)) = argmin Egxa [Z(y, 0(X))] (1)
p(X)ex

e Under 1/0 loss function £, minimizing £# equivalent to :

O(x*|X,y) :=argmax P(y = m| X = x™) 2

mgEX
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Decision Making in Statistic

o In statistic : classification rule often seen as a decision-making
problem under risk of getting missclassification.

R(y, (X)) = argmin Egxa [Z(y, 0(X))] (1)
p(X)ex

e Under 1/0 loss function £, minimizing £# equivalent to :

O(x*|X,y) :=argmax P(y = m| X = x™) 2
mgEX
e Where :
1. The predicted class y* = ¢p(x*|X, y) is the most probable
(equation (2)).
2. This last equation (2) is also known as Bayes classifier [1, pp.
21].
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Decision Making in Statistic

Definition (Preference ordering [5, pp. 47])

With general loss £(,-), ma is preferred to myp, denoted by mg > mp,
if and only if :

Ep[L (-, ma)IX*] < Ep[L (-, mp) 1X]
In the particular case where £(-,-) is the 0/1 loss function we get :
P(y = malX = x*)
P(y = mp| X = x*)

where P(Y = my| X = x*) is the class probability. We then take the
maximal element of the complete order >, i.e.

> 1

Mg = Mp

Mjye = My = oo = My < P(y = m,-KIX*) >..=P(y= mj, [x*)
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(Precise) Discriminant Analysis

Applying Baye’s rules to P(Y = mg| X = x*) :
P(X=x"|y = mx)P(y = m)

P me| X =X
= )= Ymew P(X=x*ly =m)P(y =m)
K
where my:=Py-y, such as ) mj=1and % :=Px|y=pm ~ N (i, Zk)
j
A frequentist point estimation :
~ _ Nk
Tk = N
Be= L3
k=—"2_Xik
1% e = j
< 1 &
k= (X/k Xk)(Xik — Xk)'
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Decision Making in Imprecise Probabilities

Definition (Partial Ordering by Maximality Criterion)

Let 22 a set of probabilities, then my is preferred to my if the cost of
exchanging mg with m, have a positive lower expectation :

ma >M mp <—— An;[EP[g(',mb) _g(', ma)lx*] > 0
&
if £(-,-)is 1/0 loss function, so :

> 1

Mg > Mp < Inf A= iS00
a =M™ Pew P(y =mp|X = x*)
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Decision Making in ImpreC|se Probabilities

By applying Bayes theorem on P(y = ma| X = x*), so :

P(x*|y = ma) P(y = my)

in > 1
Pxye21,Pyez P(X*|y = mp)P(y = mp)

Mg > M mMp <—

The resulting set of cautions decisions is :
Y ={ma€ K| Amp : mg>p mp}
For instance, if £ = {mg, mp, mc}, we can have :

Ym = {mg >nm mp, me >p mp, mg ><p me} = {mg, mc}
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Imprecise Linear Discriminant Analysis (ILDA)

Objective :

Making imprecise the parameter mean py of each Gaussian
distribution family 9y :=Px|y—m, ~ N (i, )
Assumptions :

o Covariances precisely estimated and Homoscedasticity, i.e.
Zk=2:

X/k Xi) (X k — X))t

o Prior probabilities precisely estimated : 7 = ”—,\’,‘

11th Workshop on Principles and Methods of Statistical Inference with Interval Probability > utc 12
Recherche

I [\/]g



Classification Imprecise Classification Future work Conclusions Références
Im Imprecise Linear discriminant analysis

?"; : h;ddiasyg
Decision Making in ILDA

We take the previously maximality criterion and assumptions, so

: P(x*|y = mg)P(y = mg
a =M = PX|y€9IZr1]nyE.@2 Péx*ly: mb;ng: mb; >1 @)
— inf P(x*ly = ya) fa
Pxiye?s P(X*|y = yp) Tip
Given Y :=Px|y-m ~ N (u2) are independent :
infpeq, P(X*|y = ya) 7a
suppeg, P(X*|y = yb) Tb

> 1
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DeC|S|on Making in ILDA (cont...)

Then, the problem reduces to two optimisation problems :

P(x*ly=ya) = PiQ; P(x*ly =ya) (4)
P(x*y =yp) = sup P(X*ly = yp) (5)
Pe%;,

As Pxiy=m ~ N (i, Z )and  p=2,80:

1 o
P(X"ly =ya) < p,= inf —5(x"=pa) 7 (X" ~pa)  (6)

a Pe ga

Df v — 1 * S— *
P(x"ly=yb) = fip=sup — (X" ) '£7 (X" o) (7)
Pegb
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Imprecise Linear Discriminant Analysis

Now, the question is : How could we make imprecise the unknown
mean parameter px ?

o Confidence intervals.
o Neighbors around .
o P-Box

o Robust Bayesian

We would use robust Bayesian with conjugate distributions for
exponential families
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Bayesian inference context

In classic Bayesian inference is based on two components :

e The distribution of the observed data conditional on its
unknown parameters (or Likelihood).

o A belief information of expert (or prior distribution).

In order to build procedures of posterior inference on the unknown
parameter, in this case p.

Pk | X,y = my) o< p(X | e, y = mic) p( k) (8)

Where p(pk) € 2, could belong a set of prior distributions 22,
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Imprecise Linear Discriminant Analysis

We propose to use a set of prior distributions based on near-ignorance
approach of [6, eq. 16] :
Aty = { e R p(uim) o exp(¢Tp), m=[01,...¢0) €L} (@)
where m is a hyper-parameter which belong to convex space L :
L={¢eRrR?:¢;e[-cic] ci>0,i={1,..,d}}

[6] Alessio BENAVOLI et Marco ZAFFALON. “Prior near ignorance for inferences in the k-parameter

exponential family”. In : Statistics 49.5 (2015), p. 1104-1140

./%5‘ satisfy the four minimal properties that model of prior
ignorance require : invariance, near-ignorance, learning and
convergence (more details [6]).
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Imprecise Linear Discriminant Analysis

By applying Baye’s rule (8) (or equation [6, eq 17]), we get a set of
posterior distribution :

C+neXn 1 -~
k Nk )’} (10)

ot =l A (0K
1k | X m o K K

where Xk = - X% xix and £ €L, and :

) — _ —0+ngX
inf Elpty (X, 0] = Elpy (Koo m] = ——"% (1)
J(n: n
_ — _ 0+ ngx
sup E[py (X €] = Elpty (X m] = — == (12)

173
Jtnk
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Imprecise Linear Discriminant Analysis

The two last estimations describe a convex set around u :

’

Nk Nk
Vi={1,..,d}

i, [ —Ci+ NkXjn, Ci+ NkXijpy

Gk ={ fikeRY

That we use as constraint in on our two optimisation problems.
1
P(x*|ly =my) < ,ZZ —argmax )2 ' a,+x* 724, (NPQB)
[a€Ga 2

— . ~ - \
P(x |y:mb) < Uy =argmin —,ubZ ub+X T$ b (PQB)
FbeGh

First problem non-convex — solved through B&B method.
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Example
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Example (cont..)
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Another Example with 3 class
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Experiments

Average utility-discounted accuracy measure of [4]

- 0 if y ¢ Y
Uy Yu) =) o _ 5 else
Yul  1Yul

Where ugs with (a, 8) = (1.6,0.6) and ugp with (a, ) =(2.2,1.2).

# | Name | #Obs. | #Regr. | # Classes M ‘ DLA UGSIDLAU80 Inf?i:'ﬁgce
g S;r;s ;158 i g a | 0961 | 0.969 | 0.975 | 0.56 sec.
o | Sass | 51 ° 6 b | 0959 | 0.959 | 0.962 | 1.50 sec.

9 ¢ | 0594 | 0589 | 0.642 | 8.66 sec
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Imprecise Quadratic discriminant analysis

(1) Release homoscedasticity assumption, i.e. Zx #Z

~ 1/\ S—-1 -~ *Tao—1~
B =argmax Epgzk1/,ta—x T2k1/,ta

—Ci+nXjn, Ci+NXjn (PQB)
< . < _
s n =Hia=""g
vji=1{1,..d}

o Making imprecise P(y = my) = [P(y = ma), P(y = my)] and to
solve : i}

in P(X |y:ma)P(y:ma)

Pxye21,Pyez, P(X*|y = mp)P(y = mp)
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Imprecise Quadratic discriminant analysis
Space Convex Matrices S,

(2) Make imprecise the covariance matrice (i.e. Zx or X) by using a
prior Wishart distribution :

2, = inf E[ZxIX,y =m,10,Q] (13)
QeS8
Q+(n—1)SMLE
Z, = inf ( Sk (14)
Q€S n+to

where ZM-E is the maximal likelihood estimator of covariance
matrice X, and S” is a convex space of families of positive
semi-definite positive matrices.
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Imprecise Quadratic discriminant analysis
Space Convex Matrices S,

In [2], we can find a good intuitions for minimize the last optimization
problem, where @, is a perturbation in the neighbourhood of Qg
prior parameter value, and || - || is Frobenius norm.

Xa___

Qo+ (n-1)
argmin 22—0 ( )Ze
QoeS” n+to
st. =X, vX;eS],i={1,..,.m
S! =1{Qo | 11Q0 — PellF < Qo = 11Q0 + PellF}
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Imprecise Quadratic discriminant analysis
Space Convex of eigenvalues or eigenvectors

(3) Imprecise eigenvalues and eigenvectors of .

MLE
We'll propose to use Q estimation of [3, §3], i.e Q = M, and
then applying it the spectral decomposition :
Q+(n—1)ZME tr(EL Auuf)  poq @
u AMuiu; (15
n+Tg = T d(n+1o) +n+ro/; 4y (19)

tr(u/ ,)

1+ (n=1)yuf
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Imprecise Quadratic discriminant analysis
Space Convex of eigenvalues or eigenvectors

In [3], it has been proven that eigenvalues have estimations ei-
ther biased high (overestimated) or biased low (underestimated) for
small and noisy samples.
Then, we could assume the variability of direction is “correctly” es-
timated (i.e eigenvectors)

: ] (
- d tr (U/ uj) Nhe estimation o7
heargmac) A — ﬂ+(n—1)uju,o---».;_ ..
L R Sl
s.t S’l:{zzz/tjwf ;_252} o VAR
j=1 ,'

@ /
T T T T
_ K g 1 2
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Conclusions
Imprecise Analysis Discriminant Classification

o Increasing in imprecision on the estimators has allowed us to
be more cautious in doubt and to improve the prediction of
classification [7].

o More experiments with all imprecise components.

o Creation of new imprecise statistic models for a sensibility
analysis and a more (cautious) robust prediction.
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