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ABSTRACT. This paper deals with n-monotone functionals, which constitute a generalisation of n-monotone
set functions. Using the notion of exactness of a functional, we introduce a new notion of lower and upper
integral which subsumes as particular cases most of the approaches to integration in the literature. As a
consequence, we can characterise which types of integrals can be used to calculate the natural extension (the
lower envelope of all linear extensions) of a positive bounded charge.

1. INTRODUCTION

Coherent lower previsions ([[L8]), and exact functionals ([15]) are among the most interesting uncer-
tainty models in what has been called the theory of imprecise probabilities; this is the theory which
extends the Bayesian theory of probability by allowing for indecision.

This paper deals with a special subclass of these functionals, namely those that are n-monotone, for
n > 1. In a companion paper ([6]), we have introduced and studied in the notion of n-monotone exact
functionals, building on Choquet’s [4]] original and very general definition of n-monotonicity for functions
defined on arbitrary lattices. We have summarised the main results of that paper in the introductory
Section[2] We use those results to introduce, in Section[3] a new and quite flexible type of (lower) integral
that subsumes many of the well-known lower integrals in the literature, such as the lower Riemann—
(Stieltjes), S-, Dunford, Lebesgue, and Young—Stieltjes integrals. We show that our lower integral (and
therefore all the others) is an exact functional that is completely monotone, i.e., n-monotone for all n > 1.

Taking the generalisation yet a step further, we are led in Section [ to define a notion of integrability
with respect to exact functionals that unifies and generalises many types of integrability known from the
literature. In this way, we are able characterise which types of (lower) integration coincide with the natural
extension of a bounded positive charge, i.e., the lower envelope of all the positive linear functionals that
extend the charge from events to bounded mappings. By conjugacy, the associated upper integral is then
the upper envelope of this set of positive linear functionals.

We conclude in Section 5l with some additional comments and remarks.

2. COHERENCE, EXACTNESS, AND n-MONOTONICITY

Let us first mention a few basic notions about coherent lower previsions and exact functionals.

2.1. Coherent lower previsions and linear previsions. We begin with coherent lower previsions, which
have been studied in depth by Walley in [18].

Consider a non-empty set Q. A gamble f on Q is a bounded real-valued mapping on Q. The set of all
gambles on Q is denoted by .Z. A special class of gambles only take values in {0, 1}: let A be any subset
of Q, also called an event, then the gamble I, defined by I4 (@) := 1if @ € A and I (®) := 0 otherwise, is
called the indicator of A. This establishes a correspondence between events and {0, 1}-valued gambles.
Often, for an event A, we shall also denote I4 by A.

Key words and phrases. n-monotonicity, coherent lower prevision, exact functional, natural extension, Choquet integral, comono-
tone additivity, lower integral.
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We shall call functional any real-valued map I” defined on a subset of .Z, called the domain domI of
I". When dom[I contains only indicators of events, we shall call I" a set function. The conjugate T of I is
a functional defined on the set domI’ = —domI := {—f: f € domL} by I'(f) = —L(—f).

A functional P defined on .Z is called a coherent lower prevision if the following three properties are
satisfied for all f, g in dom P and all non-negative real A:

(C1) P(f) > inf f (accepting sure gains);
(C2) P(Af)=AP(f) (positive homogeneity);
(C3) P(f+g) = P(f)+P(g) (super-additivity).

A functional P with a general domain (not necessarily a linear space) is called a coherent lower pre-
vision if it can be extended to a coherent lower prevision on all gambles. This is the case if and only if
sup (Y7, fi —mfo] > YL, P(fi) — mP(fo) for any natural numbers n > 0 and m > 0, and fo, fi, ..., f; in
the domain of P. For any gamble f in dom P, P(f) is then called the lower prevision of f. If the domain
of P contains only (indicators of) events A, then we also call P a coherent lower probability, and we write
P(I4) also as P(A), the lower probability of A.

The conjugate coherent upper prevision P of P is defined on domP = —domP := {—f: f € domP}
by P(f) := —P(—f) for every —f in the domain of P. This conjugacy relationship shows that we can
restrict our attention to the study of coherent lower previsions only. If the domain of P contains indicators
only, then we also call P an upper probability. Tt generally holds for coherent lower previsions P that
P(f) < P(f) forall f € domPNdomP.

Given a coherent lower prevision P on some domain dom P, there is a point-wise smallest coherent
lower prevision Ep on .Z that coincides with P on dom P. It is called the natural extension of P, and is
given by (Walley [18, Lemma 3.1.3(b)])

Eﬁ(f) = SUP{ZAkP(fk)'FA n> lvﬂ‘k €R+7A Gvak € dOInBv Z)’kfk+)~ <f}
k=1 k=1

for all gambles f in .Z, where R is the set of non-negative reals and R is the set of reals.

A linear prevision P on £ is a non-negative, normed [P(1) = 1], real-valued, linear functional on .Z.
The restriction of such a linear prevision on .Z to (indicators of) events is a probability charge (or finitely
additive probability measure) on #(Q), the class of all subsets of Q. It can be checked that Ep is equal
to the lower envelope of of those linear previsions on .Z that dominate P on its domain. a

2.2. Exact functionals. Maal} [15] has extended the notion of coherent lower previsions to that of exact
functionals. Let I be a functional with domain dom[. If domI” = %, then I is called exact whenever for
any gambles f and g on Q, any non-negative real number A, and any real number 4, it holds that

(El) if f > gthen I'(f) > I'(g) (monotonicity);
(E2) L(Af) = AL(f) (positive homogeneity);

(E3) L(f+¢) > L(f) +L(g) (super-additivity);
(E4) L(f+u) =L(f)+L(u) (constant additivity).

A functional defined on an arbitrary subset of . is called exact if it can be extended to an exact functional
on all of .Z. If T is exact, then [(f) < T(f) for all f € domI NdomT.

Exact functionals are important not only because they generalise coherent lower previsions; they can
also be seen as the negatives of coherent risk measures ([1,[7]) and they are very closely related to exact
cooperative games ([[17]).

Maa8 [15, Eq. (1.2), p. 4] defines also the following norm on the space of all functionals:

1L ::inf{ce Ryt f2> ilkflﬂrl =L(f) > Zn:lkl"(fk)+lc}
k=1

k=1
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where the condition must hold for all natural 7, non-negative reals A, ..., A,, real A, and gambles f, f,
.+, fn in dom[. MaaB also shows that a functional I is exact if and only if its norm is finite: ||T|| < 0.
He also shows that if 1 € dom[ then ||C|| = I(1). The norm serves as a Lipschitz constant because for
any two gambles f and g in dom[, |[['(f) —L'(g)| < ||IL||sup|f — g|. Hence, exactness implies (uniform)
continuity with respect to the supremum norm.

We shall call a functional I linear exact if it can be extended to an exact functional ¥ on . which is
at the same time also a linear functional, i.e., which also satisfies ¥(f) +¥(g) = W(f + g) for any f and
g in .Z. For a linear exact functional L, it holds that ['(f) = ['(f) for all f € domNdomT.

An exact functional I has by its very definition exact extensions to all of .. Among those, there
are exact extension whose norm is equal to ||L||, and the point-wise smallest such exact extension E- is
called the natural extension of the exact functional I'. It is also the lower envelope of the set of dominating
positive linear functionals that dominate I and have the same norm. See Maal3 [15, Theorem 1.2.5 and
Corollary 1.5.8] for more details.

The relationship between coherent lower previsions, exact functionals, and their respective natural
extensions is given by the following theorem.

Theorem 1. [6| Thm. 2] Let I be a functional defined on a subset of £ .

(i) If T is exact, then there is a coherent lower prevision P defined on dom[ such that T = ||L||P, and
moreover Er = ||L||Ep.

(ii) T is exact if and only if there is a coherent lower prevision P defined on domT, and a non-negative
real number A, such that U = AP. In that case, LEp is an exact extension of T with norm A.

2.3. n-monotonicity. We now turn to the notion of n-monotonicity for functionals, which is a special
case of the general definition of n-monotonicity that Choquet [4] has given for functions from an Abelian
semi-group to an Abelian group. Recall that a subset . of .Z is called a lattice if it is closed under
point-wise maximum V and point-wise minimum A, i.e., if for all f and g in.#, both fV g and f A g also
belong to .. We denote by N the set of all (strictly positive) natural numbers, by No = NU {0} the set
of all non-negative integers, and by N* = NU {+eo} the set of extended natural numbers.

Definition 1. Let n € N*, and let " be a functional whose domain domT[ is a lattice of gambles on Q.
Then we call I" n-monotone if forall p € N, p <n,and all f, f1, ..., f, indomI:

Y -'c (fA/\f,-> >0.

pr} i€l
The conjugate of an n-monotone functional is called n-alternating. An co-monotone functional (i.e, a
functional which is n-monotone for all n € N) is also called completely monotone, and its conjugate
completely alternating.

In what follows, we shall use the following consequences of n-monotonicity. Recall that two gambles
f and g on Q are called comonotone if f(®) > f(@) implies that g(w) > g(®@) for all ® and @ in Q.
A functional I is called comonotone additive if U(f + g) = L(f) +(g) for all comonotone f and g in
dom[ such that f+ g € dom[I.

Theorem 2. [6l Thms. 10,11,13 and 17] Consider a functional I defined on a lattice domI of £ .

(i) If U is minimum preserving, then it is completely monotone.
(ii) If L is an exact linear functional, then it is both completely monotone and completely alternating.
(iii) Let I be exact and let domT be a linear lattice of gambles that contains all constant gambles. Then
I is comonotone additive if and only if it is 2-monotone, and in both cases we have for all f in
domI that

sup f
D)= (€) [ FaL, = ITinf f +(R) | T L.(1f 26}, M)



4 GERT DE COOMAN, MATTHIAS C. M. TROFFAES, AND ENRIQUE MIRANDA

where the first integral is a Choquet integral, the second a Riemann integral, and T, is the inner
extension of T, given by L', (f) = sup{L(g): g € dom[,g < f}.

(iv) If domUL is a lattice of events that contains both O and ., and if T is an n-monotone set function on
doml, then it is exact and its natural extension Er to the set of all gambles is n-monotone as well,
and it is given by Eq. (1). B

The third point of this theorem relates 2-monotone and comonotone additive functionals. An intuition
of the direct implication in this equivalence follows if we recall that we can always approximate the
Choquet integral of an increasing gamble with respect to a 2-monotone set function by the Lebesgue
integral with respect to a dominating finitely additive probability; given then two comonotone additive
gambles, we can use that they induce the same order in the initial space to take then the same dominating
probability for both and for their sum; this implies the comonotone additivity.

A consequence of this theorem is that an n-monotone exact functional on all gambles is always the
natural extension (Choquet integral) of its restriction to all events. It also deserves to be mentioned here
that both exactness and n-monotonicity are preserved under taking point-wise limits and non-negative
linear combinations.

3. A GENERAL NOTION OF LOWER INTEGRAL AS AN INSTANCE OF A COMPLETELY MONOTONE
EXACT FUNCTIONAL

Let us now show that many of the lower integrals in the literature are actually instances of completely
monotone exact functionals. The way such lower integrals are obtained can be formalised nicely through
the introduction of a new and very flexible type of integration. It actually goes back to an idea suggested
by Moore and Smith [16} Sect. 5, p. 114, 1. 10-13], who provided an alternative definition of the Lebesgue
integral for bounded real-valued functions (i.e., gambles).

3.1. The definition of (lower and upper) V-integrals. Consider a bounded positive charge i on a field
F of subsets of Q, i.e., a real-valued set function on .% such that 4 (0) =0, u(A) >0, and u(A)+u(B) =
H(AUB) + u(ANB) for any A and B in .#. Such a bounded positive charge can be identified with a
functional I';, on the set of gambles Iz := {Iy: A € %} by letting I'; (I4) := u(A) for all A in .. Note
that this functional is completely monotone.

Next, we define a refinement relation < on the collection of subsets of .7, as follows: for two subsets
¥ and ¥ of ., we write ¥ <X ¥ if ¥4 refines ¥1 in the sense that every element of ¥ is included in
some element of 1.

Now consider a collection V of finite collections of non-empty subsets of .% (in other words, every
element ¥ of V is a finite collection of non-empty subsets of .%) that satisfies the following properties:

(V1) V is directed: for any ¥] and #; in V, there is some ¥ in V such that ; < ¥ and %5 < ¥
(V2) covering: for any ¥ and #; in V such that ¥] < %5, it holds that
Unen:vnoni=v

for all V; in ¥1;
(V3) additivity: for any ¥ in V and any 2 C ¥/, it holds that

rJ2)=Y nv);
Ve
(V4) smallest element: {Q} belongs to V.
As an immediate consequence of (V2)—(VH) we find that for any # in V:
UVv=0 and Y uv)=pn). )
verv vey

Condition (V[I) states that < satisfies the composition property or the Moore—Smith property. Since =
is also a reflexive and transitive relation, it follows that V is a directed set with respect to <. Therefore,



A UNIFYING APPROACH TO INTEGRATION FOR BOUNDED POSITIVE CHARGES 5

given a net @ on V, i.e., a mapping o: V — R, we can take the Moore—Smith limit of o with respect
to the directed set (V, =) (see Moore and Smith [16} Sect. I, p. 103]), which, if it exists, is defined as
the unique real number a such that, for every € > 0, there is a #; in V, such that |a(¥) —a| < € for all
¥ = V. The Moore—Smith limit a of ¢ is denoted by limy ¢y a(?'). Note that this limit always exists
if & is non-decreasing and bounded from above, or if ¢ is non-increasing and bounded from below; we
shall use this result further on.

Let Py (f) denote the vacuous lower prevision of f relative to the non-empty subset V of Q, and Py (f)
the vacuous upper prevision of f relative to V, which are defined for any f in £ as

Py(f):= inf f(@), and Py (f) := sup f(®).
& weV

Proposition 3. Let V be a non-empty subset of Q, then the vacuous lower prevision Py, relative to'V is a
completely monotone coherent lower prevision on L. Py is its conjugate upper prevision.

Proof. Immediately from the first statement of Theorem |2} and the fact that Py, is easily seen to verify
the coherence conditions (C1)—(C3), and is therefore a coherent lower prevision. Also, it is obvious that
Py(—f) =supyey —f(®) = —infuey f(@) = —Py(f), so Py is the conjugate upper prevision. O

Lemma 4. Consider ¥1 and V5 in V such that ¥y < ¥,. Consider any W in V5 and suppose that there
are different Vi and Uy in ¥ such that W C Vi and W C Uy. Then u(W) =0.

Proof. Consider different V| and U in . It follows from (V) and (V{3)) that

pVvivt) =puv)+upUn= Y pMv)+ Y  p). 3)
V2€%5,V2CV) U,€73,U,CU,

Consider on the other hand the subset
.@Z{WQE%Z W, CV; OI‘WQQUl}
of #5, then it follows from ( that | J2 = V; UU, and from ( that

p(viuln) = Y 1(w2) )
WL €72, W, CVi or W, CUy

Now if W in ¥ is such that W C V| and W C Uy, then the term p (W) will appear twice in the summation
on the right hand side of Eq. (3), but only once the summation on the right hand side of Eq. {@). This
implies that p1(W) must be zero. O

Lemma 5. For any 71 and V3 inV such that 1 < V3 we have that for any f € £:
Y Py (HrVi) < Y Py, (fu(va)

VieN Vr€ts
Y Py(Huvi) > Y Py, (Hu\a).
VIEN VhePs

Moreover, for any ¥ in V we have

p(Q)inff < Y, Py(fHu(v) < Y Pv(f < u(Q)supf.
vey vey?
Proof. Since the inequalities trivially hold if u(Q) = 0, we shall assume that @ (Q) > 0. It suffices to
prove the first of these inequalities, as the second then follows by conjugacy. Consider any V; in #].
Since V} # 0, we know from ( that there is at least one V, in #; such that V, C V;. Consider any such
V2, then immediately Py, (f) > Py, (f), and therefore, also using (V2) and (Vj3)),

Y, Py, (Hu(a) > Py (f) Y u(Wn) Pv1 (V).
V,CVy 1Z19%]



6 GERT DE COOMAN, MATTHIAS C. M. TROFFAES, AND ENRIQUE MIRANDA

By summing over all V; in 77, we get

Y ) P(Hu(a) = ) Py (Hr(v),
Vle’1/1 \Z1a% V]E’V]
and taking into account Lemma [4| and the fact that #] < ¥, we infer that the left-hand side is equal to
Yvyers Py, (f)1(V2). The rest of the proof is obvious, since by Eq. (2), the sums in these inequalities are
convex mixtures (after division by u()). O

Using the Moore—Smith limit, we can define the following functionals on .Z":

(V) [ fdu = lim ¥ Py (HR(V) 5)

vey
is called the lower V-integral of f with respect to i, and

(v) [ fawi=tim ¥ Pv(Hu(v)
v ev vey
the upper V-integral of f with respect to p. Indeed, Lemma [5] tells us that both Moore—Smith limits
converge to real numbers, and that moreover

p(@)int < (V) [ rau < (v) [ o < p(@)sup s,

It makes sense to say that a gamble f is V-integrable with respect to |1 whenever its lower and upper
V-integral with respect to y coincide. For such gambles, we denote the common value of (V) [ fdu and

(V)[fdu by
() [ rdu

and we call it the V-integral of f with respect to L.

3.2. Examples of lower V-integrals. We now discuss a number of integrals in the literature that can be
considered as special instances of the general notion of a V-integral. In all examples, a and b are (finite)
real numbers such that a < b.

3.2.1. The Riemann integral. Let .7 be any field that contains all closed intervals in [a,b]; the Borel
o-field %(|a,b]) on [a,b] is an instance of such field. Let u be any bounded positive charge on [a, b]
that satisfies U ([c,d]) =d —c forany a < ¢ <d < b; in case % is the Borel o-field #([a,b]), the Borel-
Lebesgue measure on [a, b] is an instance of such positive bounded charge. Let V be the collection of all
finite collections of closed intervals that overlap only on their borders, and whose union is [a, b].

It is easily verified that Conditions (V[I)—(VH) are satisfied. The lower V-integral with respect to p
is precisely the lower Riemann integral (R) Llj - dx (see Darboux [5, Sect. II, p. 64]), and a gamble is
V-integrable with respect to u if and only if it is Riemann integrable.

3.2.2. The Riemann-Stieltjes integral. Let F: [a,b] — R be any non-decreasing mapping. Consider the
smallest field .% that contains all closed intervals in [a, b]; .% contains exactly all finite unions of (not only
closed, but all) intervals in [a,b]. Now consider the bounded positive charge fr on % that is uniquely
characterised by ur([c,d]) = F(d) — F(c) for any a < ¢ < d < b. Let V again be the collection of all
finite collections of closed intervals that overlap only on their borders and whose union is [a, b].

Here too, Conditions (V[I)—(VH) are satisfied. The lower V-integral with respect to [y is now the
Darboux version of the lower Riemann—Stieltjes integral (RS) L[j - dF (x) with respect to F (see Hilde-
brandt [10, Chap. II, pp. 27-32]), and a gamble is V-integrable with respect to ug if and only if it is
Riemann-Stieltjes integrable with respect to F'.
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3.2.3. The S-integral, the Dunford integral, and another Lebesgue-like way of defining an integral. Let
U be any positive bounded charge on a field .%, and let V be the collection of all finite partitions in
. Then the lower S-integral (S)[-du with respect to i, as defined by Bhaskara Rao and Bhaskara
Rao [2, Sect. 4.5], is equal to the lower V-integral with respect to u, and a gamble is V-integrable with
respect to i if and only if it is S-integrable with respect to . Note that the S-integral coincides with the
Dunford integral on gambles (again see Bhaskara Rao and Bhaskara Rao [2| Sect. 4.5, Thm. 4.5.7 and
Prop. 4.5.8]), so a similar result holds for the Dunford integral.

Yet another way to obtain the lower S-integral, goes by a method due to Lebesgue [[13| p. 47, 1. 5],
originally aimed at reconciling the Cauchy (geometric) way of defining an integral with the Riemann
(analytic) way: let f be any gamble on , and consider the sets

Af i ={(0,%): @€Q,0<x< f(w)}, and A7 = {(0,%): @ € Q, f(w) <x<0};

these two sets constitute the surface between the gamble f and the Q-axis. A lower approximation of the
(signed) area of this surface is:

K.(A}) — K (A7),
where « is the product of the charge u and the Lebesgue—Borel measure A on R, and k. and k* are
respectively the inner and outer set functions induced by x; so,

Ki(A) := sup{ Z/.L(B,)?L(C,-): neN,By,...,B, €domp, Cy,...,C, € domA,
i=1

n
By xCy,...,B, x C, disjoint, | JB; x C; gA},
i=1

and

ngE

K*(A) := inf{ U(B)HA(C)): neN,By,...,B, €domp, Cy,...,C, € domA,

1

n
By xCy,...,By x G, disjoint, | | B; x C; Z_)A}.
i=1

Proposition 6. For any gamble f on Q, it holds that
() [ £au=w.(4]) ~ (A7),

Proof. Let f* denote f V0, and let f~ denote f A 0. Let’s first prove that (S) [ f+du = . (A}L) Recall
that the lower S-integral with respect to  is the lower V-integral with respect to 4 where we take for V
the collection of all finite partitions in .%.

Consider again the definition of :

K*(Aj{) = sup{ Z,u(B,-))L(Ci): neN,By,...,B, edomyu,Cy,...,C, € domA, 6)
i=1

By X Cy,...,B, x C, disjoint, | JB; x C; CA;}.
i=1
LetneN, By,...,B, €domp, and Cy,...,C, € domA. Since each B; belongs to dom p, there is a finite
partition ¥ € V, such that each B; is a union of elements of #'; denote by 73, the set of elements of ¥
that make up B;. Consider any i € {1,...,n}: since B; X C; C AT, we find that for each element V of VB,
it holds that
Ci C{x: (Vo €B)(0<x < f(0))} =[0,P5,(f7)] S [0,Py(f7)].
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As this holds for any i € {1,...,n}, we deduce that

UB x Ci = U U vchU U vx[o,ey(f))1C J V0P (f1)] A}

i= IVEI/B i= IVG“I/B vey

This shows that, without loss of generality, we can restrict the supremum in Eq. (@) to those sets B; that
make up a finite partition of elements of dom 1, and sets C; = [0, Py (f)]:

K'*(A = sup Z Py(fHuv) = hm Z Py(fHu /f*d,u
VeVyey Vyey
In a similar manner, we can show that —k*(A ) = (S) [/~ du. Briefly, now with Ui_; B; x C; 2 A
U G2{x (Vo eV)(flw) <x<0)}=[Py(f),0],
i:Ve”//Bi

SO

UBfoU U BixG2 |JVx[Py(f)0]

Vevi:Ve 1/3 vey
and therefore,
—k*(A7) = — inf Y (~Py(F (V)= lim ¥ Py(f =) [ du.
! =7 ’/EVVg'V L

Finally, it follows by the comonotone additivity of the lower S-integral (apply Theorem [§] further on
and the second statement of Theorem E]), that

$) [ £au=(s) [ £ au+ () [ 1~ du = (af) " (47).
O

Proposition 6] provides a geometric interpretation for the lower S-integral. It is worth mentioning already
that, as a consequence of Theorem [16|below, the proposition also provides a geometric interpretation for
many other V-integrals, and of the natural extension of a probability charge.

It also shows that the lower Lebesgue integral on R, as introduced by Lebesgue [13]], coincides with
the lower S-integral, if we take for u the Borel-Lebesgue measure as well (so that x is the 2-dimensional
Borel-Lebesgue measure).

3.2.4. The Young—Stieltjes integral. Let a and b be two finite real numbers such that ¢ < b and a non-
decreasing continuous mapping F: [a,b] — R. Take for .# the Borel o-field on [a,b], for up the
Lebesgue-Stieltjes measure on [a,b] and for V the collection of all finite partitions in .%. Again, Condi-
tions (VI)—(VH) are satisfied, and now the lower V-integral with respect to ur coincides with the lower
Young—Stieltjes integral on gambles on [a, b] as defined by Hildebrandt [10, Chap. VII, Def. 3.3]; such a
gamble is V-integrable with respect to ur if and only if it is Young—Stieltjes integrable with respect to F'.

3.2.5. The textbook integral. In many textbooks (see for instance [3 [8 O 12} [14])), “the integral” [ -du
of an .%-measurable gamble f with respect to a positive bounded measure y on a o-field .% on Q is
defined as follows:

[ faw=() [ (Fv0)au—(s) [ ((~f)v0) du:

the difference on the right hand side is always well-defined since a gamble f is a bounded random vari-
able. But, any .%-measurable gamble is S-integrable, and hence, so must be fV 0 and (—f) V0 (this
follows from Theorem below). Therefore, for .%-measurable gambles, this textbook integral coin-
cides with the S-integral, and is thus a particular instance of a V-integral as well.
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3.2.6. Kadane and O’Hagan’s uniform distribution on No. For a completely different example of a V-
integral, define the residue sets R}, := {km+r: k € No} C Ny, forany min Nand r =0,...,m— 1. This
means that £ € R}, if and only if / = r mod m, or in other words, if dividing ¢ by m leaves a remainder r.

Kadane and O’Hagan [L1, p. 628-629, Sect. 4] suggest defining a uniform distribution on the set of
natural numbers (with zero) Ny as any probability charge that takes the value % in all the sets R/, m € N
and r =0,...,m— 1. To see that such a probability charge indeed exists, consider for any m € N the finite
partition of Ny given by

Y ={R,,:r=0,....m—1},

and let V := {¥,,: m € N} be the collection of all such partitions. Note that the partition ¥;, has m
different elements. The following lemma tells us that the set V is directed under the refinement relation
=<: any ¥}, and ¥, have for instance %;,, as a common refinement.

Lemma 7. Let m and n € N. Then ¥, < ¥, if and only if there is some k € N such that n = km.

Proof. “if”. We must show that ¥;, < #,,, or equivalently, that for any » = 0,...,m — 1, there is an
s€{0,...,km—1}, such that R} C Ry . Simply take s = r.
“only if”. If #;, < 7y, then there is an s € {0,...,m— 1} such that RY C R,. Since 0 € R, also 0 € R},

whence s = 0. Consequently, {¢n: £ € Ny} C {jm: j € Ny}, and therefore, considering ¢ = 1, there is a
k € N such that n = km. O

Now let .%,, be the field generated by the partition ¥;,, and let w,, be the unique probability charge
on .%,, that satisfies u,,(R},) = % forall r =0,...,m— 1. If we define .# :=J,,cn % then it is easy to
see that .7 is a field as well, and that we can consistently define a unique probability charge p on .% that
coincides with the L, on .%,, and therefore on ¥;,, as follows: if A € .# then there is some m € N such
that A € .%,, and then we let U(A) := w,(A). This probability charge coincides with the natural density
on the natural numbers that is used in number theory.

Again, it is easy to see that V and u satisfy the properties (VI[)-(VH): we have already argued above
that (V[I]) is satisfied; (V[Z]) and (VE]) follow from the fact that all elements of V are finite partitions; and
for (V4), simply note that ¥; = {No}.

So, we can define the V-integral with respect to t, and instead of using a Moore—Smith (net) limit, it
is immediate that for this integral we can simply write a (sequence) limit over N:

m—1

R = 1t
(V)lfdu :ml—l)r-ri-loo% ;)klglgf(km-i-r) _,ilé%a ;);ggf(km—&-r). @)
Note that for events, we find that
. 1 . 1 .
(V)/IAd/,L — lim —|{r: R, CAY| = sup —|{r: R}, CA}|. @®)
J m—eo m meN M

We shall see further on in Section [4.2.3] that this completely agrees with a result proven in an entirely
different manner by Kadane and O’Hagan [11, Thm. 6].

3.3. Complete monotonicity theorem. We now prove a simple theorem, which has many interesting
consequences.

Theorem 8. (V) [-du is a completely monotone exact functional on £, and (V) [-du is its conjugate.

Proof. First, for any non-empty subset V of .7, we have from Proposition [3]that Py is a completely mo-
notone coherent lower prevision on .. This means that (V) [-du is the point-wise Moore—Smith limit
of non-negative linear combinations (by Eqgs. () and (3))) of completely monotone coherent lower previ-
sions. Since exactness and complete monotonicity are preserved under non-negative linear combination
and point-wise limits, this implies that (V) [-du must be exact and completely monotone as well.
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Finally, for any gamble f on Q and any ¥ in V it holds that
Y Pv(=fu(vV)=— Y Py(HnV);

vey vey

by taking the limit over ¥ € V on both sides of this equality, we find that (V) [—fdu = —(V) Jfdu,
which completes the proof. 0

By Theorem it follows that (V) /- du is comonotone additive on ., and representable by a Choquet
integral with respect to the restriction of (V) i -du to events. If we denote this restriction by My then M,
is the completely monotone exact set function on £(Q), given by

Ky (A) = lim u(v) ()
=v Vev,, e,;/g n
for any subset A of Q, and we find that for any gamble f on Q
sup f
V) [ fau=(©) [ fap, =u(@yintf+(R) [ 7, ({72 1) ax (10)

Similarly, if we denote the restriction of (V)T du by iy, then [iy is the completely alternating conjugate
exact set function on @(Q), given by

) = 1=y () = fim 3 (V)
€Y VNA#£D
for any subset A of Q, and we find that for any gamble f on Q

0 [an=© [ oy = u@yint -+ ) [ ol 2 0. an

Call a subset A of Q V-integrable if its indicator I4 is, or in other words if Iiy(A) = u,(A). The fol-
lowing immediate result gives an interesting characterisation of the V-integrability of events and gambles.

Proposition 9. A subset A of Q is V-integrable if and only if for all € > O there is some V¢ in'V such
that:

Y uv) <e.
Vete
VNA£0,VNASA£0
Moreover, a gamble f on Q is V-integrable if and only if { f > x} is V-integrable for all but a countable
number of elements x of [inf f,sup f].

Proof. To prove the first statement, observe that

(V) [t~ (V) [1nam =, 4) ~ 1, (4) = Jim L Pruv) - T B
L Ve Ve

and since from Lemma 5] that the expression between brackets is non-increasing in #* with respect to the
relation < on V, we find that A is V-integrable if and only if for all € > 0 there is some ¥; in V such that

Y [Pv(A)-PyA)]p(v) <e.
Vet
Now observe that Py (A) — Py, (A) equals one if both VNA # 0 and V N A€ # 0, and is zero otherwise.
Let’s now prove the second statement. First assume that { f > x} is V-integrable, so that

by ({f 2 x}) = u,({f = x})

for all but a countable number of elements x of [inf f,sup f]. Since two Riemann-integrable bounded
functions that differ only in a denumerable set of points have the same Riemann integral, we see, using
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Egs. (T0) and (TT), that (V) [ fdu = (V) Jfdu, so fis indeed V-integrable. Conversely, assume that f is
V-integrable, then it follows from Eqs. (I0) and (TT) that

® [ [Foltr = 9) - (5 2 )] ax=0

nf f
Now the Riemann integral of a non-negative Riemann integrable function g is zero if and only if the
function g is non-zero only in its points of discontinuity (see for instance [[10 p. 76]). Since here g(x) =
By({f = x}) — p, ({f = x}) is a difference of two non-increasing functions, it is Riemann integrable and
has at most a countable number of discontinuities. |

4. A GENERAL NOTION OF INTEGRABILITY

4.1. Integrability for exact functionals. The results of the previous sections naturally lead us to define
a notion of integrability for arbitrary exact functionals, which generalises all existing notions of integra-
bility mentioned before.

Let I" be an exact functional defined on some set of gambles domI" C .. Let Er be its natural
extension. Let’s then call a gamble f on Q [-integrable if E-(f) = Er(f). This means that all the
positive linear functionals on £ that dominate I on its domain and have the same norm as L, assign the
same value Ep(f) = Er(f) to the gamble f. We denote the set of all [-integrable gambles by

“r={feZ: Ex(f)=Er(f)}.
We denote the restriction of Er to 21 by Er. This set of integrable gambles has a certain relationship

with the Jordan field of a bounded positive charge 1, that we shall detail in the following subsection. In
this one, we shall study the properties of the set of integrable gambles for an exact functional I'.

Proposition 10. 4T is a uniformly closed linear space that contains all constant gambles, and Er is a
linear exact functional on £t whose norm is |L||. Moreover,

L={fe: (Vg€ L)(Er(f+g) =Er(f)+Er(g)}. (12)

Proof. Consider f and g in 2T, and non-negative real a and b. Then since Er is an exact functional, we
get -
Ep(af +bg) < Er(af +bg) < aEr(f) +bEr(g) = aEr(f) +bEr(g) < Ep(af +bg),

0 af +bg € L as well. Similarly Er(—f) = —Ep(f) = —Er(f) = Er(—f), so —f € %4 too. Also
for any constant gamble u, Er(pt) = Er(1) = p||L]|, so 1 € . This means that 1 is a linear space
that contains all constant gambles, and that Er is a linear functional on that space. Since Er- is the lower
envelope of all positive linear functionals on .Z that dominate I, and all such positive linear functionals
coincide with Et on 4T, Er has exact and linear extensions to all of .Z, and is therefore a linear exact
functional. Its norm is given by || Er|| = Er(1) = Er(1) = ||C|.

Next, suppose that a sequence f;,, n € N of gambles in T converges uniformly to a gamble f. Then,
because both Er- and Er are continuous with respect to the supremum norm, by exactness, we see that

Er(f) = lim Er(f,) = lim Br(fy) = Fr(f),

so f € 2t as well, and 2T is uniformly closed.
Finally, to prove that Eq. holds, consider any gamble f. First assume that it belongs to the set on
the right hand side. Then for g = —f, we see that
0=Er(f—f) =Er(f) +Er(—f) = Er(f) — Er(f),

so indeed f € Zf. Conversely, assume that f € T, and consider a arbitrary gamble g. Then using the
super-additivity of the exact functional Ey, we get

Er(f+g) > Er(f)+Er(g) =Er(f)+Er(f+g—f) > Er(f)+Er(f+g)+Er(—f) =Er(f+g),
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whence indeed Er(f +¢) = Er(f) +Er(g). O
We have the following stronger result when ET- is 2-monotone on a sufficiently rich domain.

Theorem 11. If Er- is 2-monotone on some linear lattice that includes Zt, then <t is a uniformly closed
linear lattice that contains all constant gambles.

Proof. To prove that .27 is a uniformly closed linear lattice, it suffices to show that | f| is [-integrable if
fis. Let Z be a linear lattice that includes .#t. Consider f in T, then both f and |f]| belong to 7.
Since E r is 2-monotone on J#, we find by Lemmathat

0=Er(f) - Er(f) = Ec(If]) - Er(If]) = 0,
whence Er(|f|) = Er(|f]), so | f| is indeed -integrable. O

Lemma 12. Let I be a 2-monotone exact functional defined on a linear lattice of gambles. Then T(f)—
L(f) = T(If1) = L(If1) for all  in domL.

Proof. Assume that I is 2-monotone on dom[, and let f € domT. Since |f|=fV—fand —|f|=fA—f
both belong to domI’, we find from the 2-monotonicity of I that

L(I/1) +L(=1f1) = L(f) + E(=/),

and the desired inequality follows immediately. g

Corollary 13. Suppose that Ey- is 2-monotone on some linear lattice of gambles that includes £, and
let f, g be two T-integrable gambles. Let N = {® € Q: f(w) # g(®)}. Then

Er(N)=0= Er(|f —gl) = 0= Er(f) = Er(g).

Proof. Consider two [-integrable gambles f and g, such that E-(N) = 0. Let A = sup|f —g|, then
|f— gl <InA. Since .t is a linear lattice, we know that | f — g is I-integrable, and consequently
0<Er(|f—gl)=Er(If—gl) <AEL(N)=0.
Since it follows from the exactness of E- that
0 < |Er(f) —Er(e) < Er(lf —gl)
we find that indeed Er(f) :EE(f) :Eg(g) =Er(g). O

The converses of the two implications in this corollary do not hold in general: for the first, let I be a
linear functional on the set of all gambles on N such that T'(A) = 0 for any finite set A, and let f and g be
gambles such that f(n) = g(n) + % for all n € N; for the second consider for I the infimum operator on
% and let f and g be indicators of (proper and different) subsets of Q.

4.2. Representation of natural extension by lower V-integrals.

4.2.1. V-integrability and the Jordan Extension. To complete the paper, let us consider the special case
that I is defined on the set £ of all gambles on Q as the completely monotone exact functional (V) [-dp,
i.e., the lower V-integral with respect to a positive bounded charge u, defined on a field .% of subsets of
Q.

In this case, since I is exact on .Z, it coincides with its natural extension on %, and a gamble f is
I'-integrable if and only if it is V-integrable with respect to p:

fo= oy ={ 1625 ) [1au=0) [rau}.
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By Theorem (v is a uniformly closed linear lattice that contains all constant gambles. Its restric-
tion to events is the field 7y ) satisfying

S ={Aciu, () =m0},

and we deduce from Proposition@]that f € Ly ifandonlyif {f >x} € Zy ) for all but a countable
number of x in [inf £, sup f]. We shall sometimes use the notation py for the restriction of My, (or iy, it
doesn’t matter which) to 7y ).

On the other hand, we can identify the bounded positive charge g with a functional I'y on Iz.
Since u is also completely monotone on ., the third statement of Theorem [2] tells us that its natu-
ral extension E,, is given by E, (f) = (C) [ fdp., where . is the inner set function of u, given by
pi(A) = sup{(B): B€ .% and B C A} for any A C Q. Moreover, the conjugate is given by E,(f) =
(C) [ fdu*, where u* is the conjugate of the inner set function p., that is, u*(A) = u(Q) — H.(A°) =
inf{u(B): B€ .% and A C B} for any A C Q. We also deduce from the third statement of Theorem
that £, is completely monotone on all of .. The set £, := £, of ji-integrable (or more precisely
I';-integrable) gambles is given by

Ly = {fef: (C)/fdu*=(C)/fdu*}-

By Theorem [T1] this is a uniformly closed linear lattice that contains all constant gambles, and it is the
largest set of gambles to which the set function i can be uniquely extended as a linear exact functional.
Its restriction ¢, to events is the Jordan, or Carathéodory, field of .

Hu={ACQ: 1 (A)=p"(A)},
the largest field to which the positive bounded charge 1t can be uniquely extended as a positive bounded
charge—which is usually called the Jordan extension of u. Observe that # C _#,. An immediate
counterpart of Proposition@]tells us that a gamble f is p-integrable, i.e., f € .2}, if and only if {f > x}
belongs to the Jordan field ¢, for all but a countable number of x in [inf f, sup f].
Together with the first part of Proposition[9} we immediately infer the following interesting characteri-

sation of the Jordan field _Z, of a positive bounded charge 1. A similar result was proven in a completely
different way by Walley [18| Cor. 3.1.9].

Proposition 14. A subset A of Q belongs to the Jordan field ), of a positive bounded charge | defined
on a field F (or in other words, L can be uniquely extended as a positive bounded charge to A) if and
only if for all € > 0 there are disjoint Fy and F; in F suchthat F} CA, F, CA®and u(Q\ (FFUF)) < &.

4.2.2. V-Integral Representation Theorem. We now ask ourselves what is the relationship between the
sets Ly ) and £}, and between 7y ) and 7y, respectively.

Proposition 15. For any A C Q, it holds that
By (A) < u(A) <t (A) <Ty(A),
and therefore also that /(V,M) C Zuand "%V#) CZ.

Proof. Conjugacy arguments tell us it suffices to prove that f1, (A) < 1,(A). Consider any ¥ in V and
letAy :=J{V €¥:V CA}. Then clearly Ay C A, and since ¥ is a finite collection of elements of .%,
we have that Ay € .%. Consequently, using (V[3) and the definition of ., we find that

wA)>uy)= Y uv),
VeV, VCA

and then it suffices to take the Moore—Smith limit over " € V on both sides of the inequality. |

Theorem 16. The following statements are equivalent:
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(i) Ky coincides with L on F;
(ii) Wy coincides with L on F;
(iii) for all A in ¥ and for any € > 0 there is a V¢ 4 in V such that Z uV)>pu(A) —e;
VETon,VCA
(iv) forall A in F and for any € > 0 there is a V¢ o in 'V such that ) uV)<u(d)+e;
VT4, VOAZD
v) My, coincides with L, on all events;
(vi) My coincides with u* on all events;
(vii) (V) [-du coincides with E,, on all gambles;
(viii) (V) [-du coincides with E,, on all gambles;
() P = Sw
() L) =L
(xi) FC L)

Proof. 1Tt is clear from conjugacy considerations that (i) and (ii) are equivalent. So are, respectively, (iii)
and (iv), (v) and (vi), and (vii) and (viii). Moreover, (ix) and (x) are also easily seen to be equivalent if
we look at Proposition[9]and its immediate counterpart for y-integrability. This nearly halves the number
of things to prove. We now give of circular proof for the remaining statements.

We first prove that (i) implies (iii). Consider any A in .%, and assume that /.LV(A) = u(A). Then it
follows from Eq. (9 that for every € < O there is some ”//g. 4 in V such that a

ZPV > U(A) -

VEYea

Now observe that Py, (A) equals one if V C A and is zero otherwise.

To prove that (iii) implies (v), consider A C Q and € > 0. It follows from the definition of . (A) that
there is some B, in .% such that B C A and u(Bg) > WU.(A) — €, and from (iii) we deduce that there
is some ¢ p, in ¥ such that Yyey, , vep, (V) > p(Be) — € and consequently Yyey, , vea (V) >
1. (A) — 2&. Moreover, it follows from Lemma [3] that Uy (A) = Lver p, vea V), whence My, (A) >
11+ (A) — 2€. Since this holds for any € > 0, we get 4, (A) > 11.(A), and the converse inequality follows
from Proposition[I5]

It is immediate that (v) implies (vii), because E,, is a Choquet functional with respect to U, and
(V)J-dp a Choquet functional with respect to My

That (vii) implies (ix) follows almost by deﬁnltlon of / V) and A

If (ix) holds, then (xi) follows, since always % C ¢, (because { is monotone, so (i and f, and u*
coincide on .%).

If (xi) holds, then My coincides with [I; /.LV on .7, so it follows from Proposmonﬂthat it also coincides
with p, and therefore also with tt on .%. Therefore (i) follows. d

4.2.3. Examples of representation. If the set V is made up of all finite partitions of Q whose elements
belong to .%, as is the case for the Lebesgue, Young—Stieltjes, Dunford, and S-integral, described in
Sections then it is easy to see that Condition (iii) is trivially satisfied, and so, therefore, are
all the others. The corresponding lower V-integrals can therefore all be used as expressions for the natural
extension E; of a positive bounded charge u.

In case of Riemann integration, or more generally, Riemann—Stieltjes integration with continuous
F (see Sections and [3.2.2)), Condition (iii) is again trivially satisfied, if we take for .# the field
consisting of all finite unions of intervals in [a, b] (note that this is not a o-field), and p the unique charge
on .% that satisfies ([x,y]) = F(y) — F(x) for every a < x <y < b. In the next section, we shall prove a
more general representation theorem that allows us to also treat the case of discontinuous F.

Let us also take a look at the consequences of Theorem [I6| for Kadane and O’Hagan’s proposal for
a uniform distribution on Ny, discussed in Section Since the ¥, defined there are finite partitions
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of Ny, Condition (iii) of Theorem is trivially satisfied, and therefore, all the other statements of the
theorem hold as well. In particular, the lower V-integral associated with the probability charge u on .%,
given by Eq. (7), is a completely monotone coherent lower prevision. Its restriction H, to events, given by
Eq. (), is a completely monotone coherent lower probability, and it coincides with the inner set function
M of p. This also tells us that the V-integral coincides everywhere with the natural extension £, of the
probability charge p, and in particular, we deduce that it is the lower envelope of all linear previsions
(probability charges) that coincide with u on %, or equivalently, that assign the value % to all the residue
sets R}, for r =0,...,m—1 and m € N. This generalises Kadane and O’Hagan’s Theorem 6 in [11].

4.2.4. A more general representation theorem. In this section, we prove a simple generalised version
of Theorem [I6] in terms of 2-monotone set functions rather than bounded positive charges. First, we
establish a number of simple lemmas.

Lemma 17. Let 1 be a bounded positive charge on a field F, and let 1 be a 2-monotone set function
defined on all events, such that 1 < W. Then 7 :={A € .F: N(A) = u(A)} is a lattice of events.

Proof. Consider Vi and V; in . Then n(ViNV2)+n(ViUVa) < u(VinVa) +u(Viuva) = u(Vi) +
uV2) =n(Vi) +n(Va) < n(ViNVa) +n(Vi UVz), where the last inequality is a consequence of the
2-monotonicity of n. Hence, n(Vi NV2) = u(ViNV,z) and n(Vy UV,) = u(Vi NV,), and consequently
ViUV, and V) NV, belong to 57°. We deduce that 57 is closed under finite intersections and unions, so it
is a lattice of events. ]

Now consider any V satisfying (V1)-(V4), and the corresponding collection Uy of all events V in
elements 7 of V:
Yy :={V: (FV eV)(Ve¥)}
Since an arbitrary intersection of lattices of events is still a lattice of events, we can consider the lattice
of events £y generated by Uy, i.e., the smallest lattice of events that includes Uy. The previous lemma
now allows us to deduce the following somewhat surprising result.

Corollary 18. My and | agree on the lattice of events £y generated by *Uv.

Proof. Taking into account the previous lemma, it suffices to show that My, and p agree on Yy. So
consider any ¥ in V and Vy € #. Then since V is directed [(V1)], it is easy to see that

u, (Vo) = lim u(V)= lim w(v).
= Vevve%gv() 7% vw;gv()
Now if we apply (V2) and (V3) to the set {V € ¥': V C V,} we find that for any ¥ > %,
Y uv)=p(Utver:ven)=pm),
Vey Vay,
and consequently p (Vo) = p(Vo). O
Lemma 19. Let v be a monotone set function defined on a lattice of events ¢4 that includes O and Q, and

let U be a bounded positive charge defined on a field . Consider the inner set function v, of v, defined
on (). Then the following statements hold.

(a) Vi < My if and only if v < My
(b) v > My if and only if v, dominates U, on the lattice £y generated by ‘Uy.

Proof. Let A be a subset of Q2. We begin with a proof of the first statement. The direct implication is
trivial. Conversely, assume that v < My Then

vi(A)= sup Vv(B)< sup p(B)<p(A),
BCA,BEY BCA,BEY

where the inequalities follow from the assumption and the monotonicity of Ky
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We now turn to the proof of the second statement. Again, the direct implication is trivial. Conversely,
assume that v, dominates U, on the lattice £y generated by Uy. Then

U (A) = sup u(V)=sup u Ve?V:VCA
By)=sup 3 (V)= (Ut H

= s, (U{Ve v VgA}) < sup v, (U{Ve“//: VgA}) < v, (4),

where the second equality follows from (V3), the third equality from Corollary the first inequality
from the assumption, and the last inequality from the monotonicity of v.,. 0

The following theorem generalises Theorem It gives necessary and sufficient conditions for the
natural extension E,, of a 2-monotone set function v to coincide with the lower V-integral generated
by some bounded positive charge . Such a 2-monotone set function obviously has to be completely
monotone (this follows for instance from below), amongst other things.

Theorem 20. Let v be a 2-monotone set function defined on a lattice of events ¢ that contains O and Q,
and let 1L be a positive bounded charge defined a field .7 . Then the following statements are equivalent:

(i) Vv is a restriction Ofﬁv’ and for all A C Q, and all € > 0, there is a B¢ € 4 such that B; C A and
My (A) — py (Be) <e.
(ii) My coincides with v, on all events;
(iii) (V)[-du coincides with E,, on all gambles;
(iv) Vv is a restriction of My, and v, and | coincide on the lattice of events Ly generated by ‘Uy.

Proof. — (d). From Lemma @, we deduce that My > v, on all events. Let A C Q, € > 0. By
assumption, there is a subset B¢ € ¢ of A such that p, (A) — i, (Be) < €. Therefore, it (A) <V(Bg)+€ <
Vi(A) + €, for all € > 0, and consequently HV(A) < v,(A). Hence, My = Ve

@) = @. 1t My, coincides with v, on all events, then obviously v must be a restriction of My By
definition of v,, for every A C Q and every € > 0, there is a subset B € ¢ of A such that v.(A) — v(Bg) <
€. Now, vi(A) = (A) and v(Be) = V. (Be) = L, (Be) by assumption, whence ., (A) — p (Be) < €.

({ii) = @v). Given A € ¢, we have that v(A) = v.(A) = p,,(A), hence the first statement holds. For
the second statement, simply use Corollary [T§]

= (). Immediate by Lemma[[9]

The proof of the equivalence between (i) and is similar to that in Theorem [16] O

Note that we can trivially use conjugacy considerations to establish similar equivalences involving
Wy, v* and (V) [-dp, in the manner of Theorem

One of the advantages of this theorem over Theorem |16]is its applicability to any lower V-integral.
Moreover, we can always choose Vv to be finitely additive, as the following corollary shows.

Corollary 21. Let i be a bounded positive charge defined on a field F of subsets of Q, and let v be its

restriction to the lattice of events Ly generated by *Uvy. Then | and v satisfy the equivalent conditions in
Theorem

Proof. Check that Theorem [20|fiv) holds. This follows immediately from Corollary [T8] d

Hence, also Riemann-Stieltjes integrals associated with a discontinuous F on a compact interval [a, b]
can be represented by the natural extension of a finitely additive set function defined on a lattice. Indeed,
the charge u (defined on a field) induced by such F does not satisfy .%# C f#y ,, and consequently
Theorem is not applicable. To see that 7 ¢ 7y ), assume for instance that F(x+) # F(x). Then
uy([a,x]) = F(a) — F(x) but fiy([a,x]) = F(a) — F(x+), and hence, [a,x] belongs to ., but not to

A o)
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Nevertheless, consider the finitely additive set function v, defined on the lattice generated by all closed
intervals, and uniquely determined by v([x,y]) = F(y) — F (x) for any a < x <y < b. Obviously, v([x,y]) =
ey, ([x,y]), and hence, the natural extension of v does coincide with the lower Riemann—Stieltjes integral
with respect to F', regardless the continuity properties of F'.

5. CONCLUSIONS

The notions of lower and upper integral for positive bounded charges that we have introduced in this
paper subsume as particular cases most of the existing notions in the literature. As such, we think that
they are general enough to capture the ideas underlying these different notions, while keeping at the same
time interesting mathematical properties. For instance, we see from our results that most (if not all) of the
lower integrals defined in the literature are actually instances of completely monotone exact functionals.
As a consequence, they are representable as a Choquet functional with respect to a completely monotone
set function (the restriction to events).

The use of completely monotone set functions allows moreover to bring together a number of fields
that may seem apart at first sight: for instance, our results are related to game theory through the use
of exact functionals; besides, the vacuous lower previsions that we use in our definition of the lower V-
integral can be seen as the Choquet integrals with respect to a unanimity game. On the other hand, the
equivalence between 2-monotone and comonotone additive functionals relates our results to the field of
economics; and the main results in this paper show that imprecise probabilities have important things to
say in the field of classical measure theory.

The representation theorems we have given tell us that we can use most notions of the lower integral
to calculate the natural extension of bounded charges, and of some finitely additive set functions. This
natural extension is moreover the smallest exact functional which extends the probability charge to all
gambles. Finally, let us remark that the second, and more general representation theorem has been pos-
sible because we have not required completely monotone set functions to be defined on fields of events,
but only on lattices.

ACKNOWLEDGEMENTS

This paper has been partially supported by research grant G.0139.01 of the Flemish Fund for Scientific
Research (FWO), the Belgian American Educational Foundation and by the projects MTM2004-01269,
TSI12004-06801-C04-01.

REFERENCES

[1] Ph. Artzner, F. Delbaen, J.-M. Eber, and D. Heath. Coherent measures of risk. Mathematical Finance, 9:203-228, 1999.
[2] K. P. S. Bhaskara Rao and M. Bhaskara Rao. Theory of Charges. Academic Press, London, 1983.
[3]1 C. W. Burrill. Measure, Integration and Probability. McGraw-Hill, New York, 1972.
[4] G. Choquet. Theory of capacities. Annales de I’ Institut Fourier, 5:131-295, 1953-1954.
[5] G. Darboux. Mémoire sur les fonctions discontinues. Annales Scientifiques de I'Ecole Normale Supérieure (21 Série),
IV:57-112, 1875.
[6] G.de Cooman, M. C. M. Troffaes, and E. Miranda. n-Monotone exact functionals. 2006. Submitted for publication.
[7] F. Delbaen. Coherent risk measures on general probability spaces. In K. Sandmann and P. J. Schonbucher, editors, Advances
in Finance and Stochastics, pages 1- 37. Delbaen, F, Berlin, 2002.
[8] J. L. Doob. Stochastic Processes. John Wiley & Sons, New York, 1953.
[9] P. R. Halmos. Measure Theory. Springer-Verlag, Berlin, 1974.
[10] T. H. Hildebrandt. Introduction to the Theory of Integration, volume 13. Academic Press, New York, 1963.
[11] J. B. Kadane and A. O’Hagan. Using finitely additive probability: uniform distributions on the natural numbers. Journal of
the American Statistical Association, 90:626-631, 1995.
12] O. Kallenberg. Foundations of Modern Probability. Springer-Verlag, New York, second edition, 2002.
13] H. Lebesgue. Lecons sur I’intégration et la recherche des fonctions primitives. Gauthier-Villars, Paris, 1904.
14] M. Loeve. Probability Theory. D. Van Nostrand, New York, 1963.
15] S. MaaB. Exact functionals, functionals preserving linear inequalities, Lévy’s metric. PhD thesis, University of Bremen, 2003.

[
[
[
[



18 GERT DE COOMAN, MATTHIAS C. M. TROFFAES, AND ENRIQUE MIRANDA

[16] E. H. Moore and H. L. Smith. A general theory of limits. American Journal of Mathematics, 44:102-121, 1922.
[17] D. Schmeidler. Cores of exact games. Journal of Mathematical Analysis and Applications, 40:214-225, 1972.
[18] P. Walley. Statistical Reasoning with Imprecise Probabilities. Chapman and Hall, London, 1991.

GHENT UNIVERSITY, SYSTEMS RESEARCH GROUP, TECHNOLOGIEPARK — ZWIINAARDE 914, 9052 ZWIJNAARDE,
BELGIUM
E-mail address: gert .decooman@ugent .be

DURHAM UNIVERSITY, DEPT. OF MATHEMATICAL SCIENCES, SCIENCE LABORATORIES, SOUTH ROAD, DURHAM, DH1
3LE, ENGLAND
E-mail address: matthias.troffaes@gmail.com

REY JUAN CARLOS UNIVERSITY, DEPT. OF STATISTICS AND O. R., C-TULIPAN, S/N 28933, MOSTOLES, SPAIN
E-mail address: enrique .miranda@urijc.es



	1. Introduction
	2. Coherence, exactness, and n-monotonicity
	2.1. Coherent lower previsions and linear previsions
	2.2. Exact functionals
	2.3. n-monotonicity

	3. A general notion of lower integral as an instance of a completely monotone exact functional
	3.1. The definition of (lower and upper) V-integrals
	3.2. Examples of lower V-integrals
	3.3. Complete monotonicity theorem

	4. A general notion of integrability
	4.1. Integrability for exact functionals
	4.2. Representation of natural extension by lower V-integrals

	5. Conclusions
	Acknowledgements
	References

