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Under an epistemic interpretation, an upper probability can be regarded as equivalent
to the set of probability measures it dominates, sometimes referred to as its core. In
this paper, we study the properties of the number of extreme points of the core of a
possibility measure, and investigate in detail those associated with (uni- and bi-)variate
p-boxes, that model the imprecise information about a cumulative distribution function.
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1. Introduction

Capacities, or non-additive measures 2, are mathematical models that serve as an
alternative to probability theory. They are of particular interest in situations of
ambiguous or imprecise knowledge, and can thus be embedded within the theory of
imprecise probabilities. As particular cases, they include possibility measures 7, belief
functions 23, n-monotone capacities 2 or coherent lower and upper probabilities 27,
amongst others.

In this paper, we take a non-additive measure p defined on the power set of a
finite space X, and consider its core or credal set M(u), which is the set of proba-
bility measures dominated by g on all subsets of X'. This set is useful for instance
if we give p an epistemic interpretation as a model for the imprecise knowledge of
some probability measure P, in the sense that all we can give about P(A) is an
upper bound p(A), and this for every set A; but it has also arisen in other contexts,
such as random set theory 4 or game theory °24.

We focus here on coherent upper probabilities p 27, which are those whose
associated credal set M (u) is non-empty and such that p is the upper envelope of
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M(p). These include as particular cases most of the existing models of non-additive
measures in the literature. In those cases, the set M(u), and as a consequence the
non-additive measure p, is determined by its vertices or extreme points; these can
then be used for a number of practical purposes, for instance when considering
graphical models with sets of probabilities 3, updating the probabilistic model under
new information &, or giving the solution of a game whose information is modeled
by 1 5,24

It was proven by Wallner 2® that the credal set associated with a coherent upper
probability p has at most n! different extreme points, where n is the cardinality of
the possibility space. This bound was the same that Dempster established earlier
for the particular case of plausibility functions 4 and Shapley for 2-alternating ca-
pacities ?4. On the other hand, in the case of possibility measures, that constitute
a particular case of plausibility functions, the maximum number of extreme points
reduces to 271 12,14,

In this paper, we deepen into this study by considering the formula established
in 22 for the number of extreme points of the core of a possibility measure, in terms
of the cardinalities of its focal elements. In particular, we characterize in which
cases the maximal number of extreme points is attained. Then we consider another
9, or p-boxes for short,
that may be regarded as imprecise distribution functions. In the univariate case,
25 and a study of the number of ex-
treme points of their core was recently made in '®. The situation is more involved
in the bivariate case, because there a p-box need not be equivalent to a coherent
upper probability, let alone a plausibility function 2!. Nevertheless, in 17
and sufficient conditions for a bivariate p-box to be equivalent to a possibility mea-
sure were established. We use those conditions here to give the tightest possible
bound on the number of extreme points of the core of a maxitive bivariate p-box,
in terms of the cardinalities of the possibility spaces where it is defined. Moreover,
we characterize in which cases this bound is attained.

The remainder of this paper is organized as follows: in Section 2 we recall the
existing characterization of the extreme points of the core of a plausibility function;
in Section 3 we consider the particular case of possibility measures, and study when
the maximal number of extreme points are attained. In Section 4 we focus on those
p-boxes that are associated with a possibility measure, both in the univariate and in
the bivariate case. Some additional comments and remarks are given in Section 5.
In order to ease the reading, the proofs of our results as well as some auxiliary
lemmas have been gathered in an Appendix.

particular model of non-additive measures: probability boxes

p-boxes are related to plausibility functions

necessary

2. Extreme points for plausibility functions
2.1. Basic definitions

The main model we shall consider in this paper are belief and plausibility functions,
that play a key role in the theory of evidence developed by Shafer 23, Let X =
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{zx1,...,2,} be a finite possibility space.

Definition 1. A basic probability assignment is a function m : P(X) — [0, 1] such
that m(0) = 0 and >_,, m(A) = 1. Its associated belief Bel and plausibility Pl
functions are given by:

Bel(A) = Y m(B) and PI(4) = > m(B). (1)

BCA BNA#D

Bel and P1 are conjugate functions because they satisfy the relation Bel(4) =1 —
P1(A€), and moreover Bel(4) < PI(A) for any A C X. The subsets E of 2 such
that m(E) > 0 are called the focal sets of m, and can be used to determine the
associated belief and plausibility function by means of Equation (1).

One interpretation of belief and plausibility functions is that of envelopes of a
family of probability measures. This family is also called their core or credal set:

M(P1) = {P prob. | Bel(4) < P(A) < PI(A) VA C X}.

The core allows us to link evidence theory with imprecise probability theory 27. Bel
and Pl are the lower and upper envelopes of M(Pl), respectively:

Bel(A) = min{P(A) : P € M(P])} and P1(A) = max{P(A) : P € M(P])} VA C X.

The set M(P]) is a closed and convex subset of the finite-dimensional space of
probability measures on P(X), and it is therefore characterized by its extreme points.
We say that P € M(P1) is an extreme point when there are not Py, P, € M(Pl) with
Py # Py and « € (0,1) such that P = Py + (1 —«)Ps. Then if { Py, ..., P, } are the
extreme points of M(P1), it follows that for every P € M(P]) there are a1, ..., an,
such that a; > Oforanyi=1,...,m,a1+...4a,, = land P = a1-P1+. . .4ay, Pp,.

2.2. Extreme points of the core of a plausibility function

It is well-known 1424 that there is a connection between the extreme points of

M(P1) and the permutations of {1,...,n}: any permutation o of {1,...,n} deter-
mines an extreme point of M(P1) by means of:

Po({zo1)}) = PI({z1}), (2)
Pg({l‘g(i)}) = Pl({.’L‘U(l), R ,xo—(i)}) - Pl({xo.(l), R ,xa(i,l)}),w =2,...,n,

and, conversely, any extreme point of M(PI) is associated with a permutation o
in the manner described above. Hence, the maximal number of extreme points of
M(P]) is n!, where n is the cardinality of the possibility space. However, this number
is not always attained, because different permutations may give rise to the same
extreme point by means of Equation (2).

The extreme points of the credal set associated with a plausibility function
were recently investigated in !¢, and a new representation of the extreme points in
terms of counting vectors was introduced. This representation helped establishing
a number of properties of the number of extreme points of M(P1). In particular, it
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was established 16 that M(P1) has n! extreme points if and only if all the sets of
cardinality two are focal.

3. Extreme points for possibility measures

We focus next on a particular case of plausibility and belief functions: possibility
and necessity measures. A possibility measure 729 11 : P(X) — [0, 1] is a supremum-
preserving function: II(A) = sup,c 4 II({z}) YA C X. Its conjugate function is called
a necessity measure N(A) = 1 — II(A°). In the context of this paper, where X is
finite, they are equivalent to mazitive and minitive measures, because they satisfy

(AU B) = max{II(A), [I(B)} and N(AN B) = min{N(A), N(B)} VA, B C X.

Possibility and necessity measures correspond to the particular case of plausbility
and belief functions whose focal elements FE1,..., E; are nested, in the sense that
FE; C ... C Ej, where C is used to denote strict inclusion. As a consequence, we can
compute the extreme points of the core M(II) of a possibility measure by means of
Equation (2). We denote by |ext(M(II))| the number of extreme points on M(II).

Consider thus a possibility measure II : P(X) — [0,1] on X = {z1,...,2,}, and
let E1 C ... C Ej be its focal sets. We shall assume that F; = X', which means that
any singleton has a positive possibility measure; it is easy to extend the results to
the general case, simply by removing the elements in X'\ Ej.

Let us define

klz\E1|and ki:|Ei\Ei,1|Vi:27...,l. (3)

Since {E1, E2\Ex, ..., E;\ E;—1} is a partition of X', we deduce that ki +...+k; = n.

The following theorem gives the exact number of extreme points of the credal
set associated with a possibility measure in terms of the cardinalities of the focal
sets. It improves upon earlier results by Kroupa (! , 12 ), where only a lower and
an upper bound of the number of extreme points are given.

Theorem 1. 22 Let I1 : P(X) — [0,1] be a possibility measure with focal sets
Ey C...C E; = X. The number of extreme points of M(II) is

ky(1+ ko) ... - (1+ k), (4)
where kq, ...,k are given by Equation (3).

Thus, the number of extreme points only depends on the cardinalities of the
focal sets but not on their masses. For this reason, from now on when considering
possibility measures we shall omit the values of their mass function and restrict our
attention to the focal sets.

We shall use extensively the formula given in Theorem 1 to investigate some
properties of the number of extreme points induced by a possibility measure. In
particular, we will also characterize the conditions a possibility measure must satisfy
in order for this number to be maximal.
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Proposition 1. Let IT : P(X) — [0,1] be a possibility measure with focal sets
Ey C...C E; = X. Assume that there exists a set E* such that E; C E* C E; 4
for somei=1,...,1—1, and consider a possibility measure II' : P(X) — [0, 1] with
focal sets By C ... C E; C E* C E;41 C ... C E;. Then, M(Il') has more extreme
points than M(II).

With a similar reasoning we obtain the following:

Proposition 2. Let IT: P(X) — [0, 1] be a possibility measure with focal sets By C
... C E; = X. Assume that there exists a non-empty set E* such that E* C Fy, and
consider a possibility measure II' : P(X') — [0, 1] with focal sets E* C E; C ... C Ej.
Then,

(i) If |[E*| > 1, M(II') has more extreme points than M(II).
(ii) If |[E*| =1, M(II') and M(II) have the same number of extreme points.

The underlying idea to these two results is that the focal sets of a possibility
measure IT induce the partition {Ey, B2\ F1, ..., E;\ E;_1} of the possibility space,
and that if the partition induced by II’ is finer than the one induced by II, then
M(IT') has at least as many extreme points as M (II).

It was established in 4 that the maximal number of extreme points on M(II)
is 2! where n = |X| (this is also a consequence of Theorem 1). Our previous
results allow us to determine the possibility measures where this maximal number
is attained.

Corollary 1. Given a possibility measure I : P(X) — [0,1] with focal sets E; C
... C Ey, its core M(II) has 2"~ extreme points if and only if one of the following
statements holds:

(i) l=n and |E;| =i for anyi=1,...,n.
(ii) l=n—1,|E1|=2and |E;| =i+ 1 foranyi=2,...,n— 1.

We conclude this section with a recursive algorithm that computes the extreme
points of the credal set associated with a possibility measure. Some interesting
related results under a geometric approach can be found in 2. Consider a possibility
measure 11 with focal sets E1 C ... C Ej, and let kq, ..., k; be given by Equation (3).
In order to simplify the notation, we shall assume without loss of generality that for
any z, € E; and z; € E;41 \ E; it holds that » < s (i.e., the elements of X follow
the same order as the focal sets). For any P € M(II), denote by z7} the element:

xp = max{z; : P({z;}) > 0}.

Finally, let ., denote the degenerate probability on z € X, determined by the mass
function 6, ({z}) = 1. The procedure for computing the extreme points of M(II) is
described in Algorithm 1.

The following example illustrates the algorithm.
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Algorithm 1 Procedure defining the extreme points of a possibility measure.
1: Define

My =1{6, ci=1,... k).

2: for j=2,...,ldo

Let M* =0.

for z € Ej\Ejfl do
for P e M;_, do

Define Qp by:
Qpr({z}) = m(E;) + m(Ej41) + ...+ m(E) = Pl({z}),
Qr({zp}) = P({zp}) — Qr({z}),
Qr({y}) = P({y}) Yy # z, zp.

Add Qp to M*.

end for
end for
Let Mj = M;_1 UM*.

end for

Example 1. Consider X = {x1, 22,23, 24,25} and a possibility measure II with
focal sets

By ={z1,22}, Eo={w1,22,23}, Ez3=2X
with masses 0.3, 0.5 and 0.2, respectively. In the first step, we define the set M;:
M; ={(1,0,0,0,0),(0,1,0,0,0)}.

For j = 2, the only value in F5\ E; is x3. Then, we obtain the following probabilities:
(0.3,0,0.7,0,0) and (0,0.3,0.7,0,0). Therefore:

My ={(1,0,0,0,0),(0,1,0,0,0),(0.3,0,0.7,0,0), (0,0.3,0.7,0,0) }.

For j = 3, we have to consider the elements x4 and x5. For x4 we obtain the prob-
abilities (0.8,0,0,0.2,0), (0,0.8,0,0.2,0), (0.3,0,0.5,0.2,0) and (0,0.3,0.5,0.2,0),
and while for 5 we obtain (0.8,0,0,0,0.2), (0,0.8,0,0,0.2), (0.3,0,0.5,0,0.2) and
(0,0.3,0.5,0,0.2).

If we add these to the set My we obtain the 12 extreme points of M(II). ¢

Remark 1. Plausibility functions, and as a consequence also possibility measures,
can be represented by means of measurable multi-valued mappings, or random
sets 19 In particular, a possibility measure on P(X) can always be obtained as
the upper probability induced by a consonant random set, i.e., one with nested
images 2. It can be checked that the extreme points of the core of a possibility
measure can be obtained as distributions induced by some measurable selections of
the random set, and this idea is present in some of the results established in ®22.
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In terms of random sets, the focal elements of the possibility measure are the
images that are attained with positive probability. Then the interpretation of the
results in Corollary 1 is that the maximum number of extreme points is attained if
and only if there is some order {x, (1), T5(2),- -+, To(n)} in X such that the images
that the associated random set takes with positive probability are {z4(1), ..., Zc()}
for i = 2,...,n, and possibly also {z,(1)}. ¢

4. Extreme points for maxitive p-boxes

Next we consider another imprecise probability model that is also related to possi-
bility measures and plausibility functions: p-boxes, both uni- and bivariate. In the

univariate case, we shall consider a finite and ordered set X = {x1,...,2,} with
x1 < ... < x,. When dealing with bivariate p-boxes, we shall consider two finite
and ordered spaces X = {x1,...,2,} and Y = {y1,...,ym}, where 1 < ... < z,

and y; < ... < Ym, and shall denote by X x Y their cartesian product. We shall
assume without loss of generality that n < m.

4.1. P-boxes

Probability boxes (p-boxes, for short) ® can be used to model the imprecise infor-
mation about a (uni- or bi-variate) distribution function, by means of a lower and
an upper functional. As such, they constitute an imprecise probability model. Their
main advantage over other models is that they are computationally quite simple,
being determined by point functions instead of set-valued ones.

Definition 2. A (univariate) p-box ? (F, F) on X is a pair of increasing functions
F,F: X — [0,1] such that F(z,) = F(x,) = 1. A bivariate p-box 2! (F, F) on
X x Y is a pair of component-wise increasing functions F, F : X x ) — [0, 1] such

A univariate p-box can be used to model the imprecise knowledge about the
distribution function of a random variable X taking values in the possibility space
X, and a bivariate p-box can be used to model the imprecise knowledge about
the joint distribution function of two variables X,Y taking values in X and ),
respectively. We shall assume that these two variables are logically independent, so
that the bivariate random variable (X,Y’) may take any value in the product space
X x ).

Given a univariate p-box (F,F) on X, its associated credal set is given by
M(F,F) :={P: F < Fp < F}, where Fp denotes the cumulative distribution
function associated with P. It can be used to determine the lower and upper prob-
abilities associated with a p-box, given by 10:25:

P(A)=inf{P(A) | F< Fp <F} VACUX,
P(A)=sup{P(A) | E<Fp<F} VACX. (5)
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It was proven in ?° that P, P are a belief and a plausibility function, respectively. As
a consequence, they are determined by the focal elements of their associated basic
probability assignment. It can be checked that for every focal set E, it holds that
E={zeX:minFE <z <maxE}. Moreover, for any pair of focal sets F, Es, it
holds that either min £y < min Fs and max F; < max Fs or min £y > min F5 and
max E; > max Fy. We refer to %19 for more information.

From !¢, the set M(F,F) associated with a univariate p-box has at most P,
extreme points, where P,, is the Pell number, defined recursively by:

PO = 07 Pr= 17 Prn = 2Pp_1 + Pr_o.

Those univariate p-boxes for which this maximal number of extreme points is at-
tained were also investigated in 16.

The upper probability associated with a univariate p-box by means of Equa-
tion (5) may not be a possibility measure. The connection between univariate p-
boxes and possibility measures is clarified in the following proposition:

Proposition 3. 26 Let (F,F) be a univariate p-box on X. Its associated upper
probability is a possibility measure if and only if F or F is vacuous, meaning that
E = I{zn} OTF =1.

Thus, p-boxes inducing a possibility measure can be used to model situations
where all the available information about an unknown cumulative distribution func-
tion is determined by either an upper bound (when F' = Iy, 1) or a lower one (when
F=1).

Next we focus on bivariate p-boxes, that were investigated in detail in 82!, For
i€{l,...,n}and j € {1,...,m}, the cumulative rectangle A, , ) is given by

Az y,) = {(xryys) :r <i,8 < j}. (6)
The bivariate p-box (F, F) allows us to define the following upper probabilities:
F(A(w“y])) = F(xiayj)? F(A?x“yj)) =1~ E(xhyj)a (7)

and using conjugacy, also the lower probabilities of the sets A, ., Af

(zi,95)" Then
the credal set associated with the bivariate p-box is given by

{P: E(zi,y5) = P(A(, 4,)) < P(Awi) < P(Aiy,)) = Flai,y;) Vi, g}

However, P, P need not coincide with the lower and the upper envelope of the set
M(F, F), meaning that they are not coherent 27 lower and upper probabilities,
respectively. This problem was investigated in 2'. It follows that P, P are not belief
and plausibility functions in general.

In '7, we studied under which conditions the functions P, P given by Equa-
tion (7), and extended to P(X x Y) by taking the envelopes of M(E, F), are a
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necessity and a possibility measure, respectively. We assumed the following techni-
cal condition:

P({(zi,y;)}) >0 Vi=1,....m5=1,...,m. (8)

This condition means that any element in X x ) belongs to at least one focal set,
and it also helps simplifying some of the proofs. Therefore, from now on, when-
ever we consider the upper probability associated with a bivariate p-box defined
on Equation (7) and extended to P(X x )) by computing the lower envelope of
M(F, F), we shall assume it to satisfy restriction (8).

We also established the following definitions:

Definition 3. 7 A bivariate p-box (F, F) is said to be of type-1 when F is vacuous
(FE(z,y) = Iz, y)3 (@, y) Y(z,y) € X x V), and is said to be of type-2 when it is
not of type 1 and F is constant on 1 (F(z,y) =1 V(z,y) € X x )).

Similarly to the univariate case, type-1 (respectively, type-2) bivariate p-boxes
can be used to model situations where the only available information about an un-
known bivariate cumulative distribution function is given by an upper (respectively,
a lower) bound.

We call a bivariate p-box mazitive when the upper probability P it induces by
means of Equation (7) is a possibility measure. We have the following characteriza-
tion:

Theorem 2. 7 Let (F,F) be a bivariate p-box satisfying Equation (8). Its asso-
ciated upper probability is mazitive if and only if one of the following conditions
hold:

Condition 1 (F,F) is of type-1, F(z;,y;) = max{F(z;,y1), F(z1,y;)} for any
i=1,...,n;5=1,...,m and either
(a) F(z,ym) =1 for any x € X; or
(b) F(zn,y) =1 for anyy € .
Condition 2 (F, F) is of type-2 and F(z;,y;) = min{F(x;, ym ), F(zn,y;)} for any
1=1,....,n55=1,...,m.

Remark 2. Interestingly, maxitive p-boxes can be embedded into the more general
framework of generalized p-boxes 9, that extend p-boxes to not necessarily ordered
spaces Z. Given such a space Z: a generalized p-box is a pair of functions F, F :
Z — [0,1] that are comonotone (they increase and decrease simultaneously) and
componentwise ordered: F < F.

In the case of maxitive bivariate p-boxes, Theorem 2 tells us that either F is
vacuous or F is constant on 1; in any of the two cases, it trivially follows that F
and F are comonotone and componentwise ordered, and as a consequence maxitive
bivariate p-boxes are in particular generalized p-boxes; this could be of interest
because, even if we assume that X', ) are totally ordered spaces, they only induce
a partial order on the product space X x ).
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Although one may think that the extreme points for maxitive bivariate p-boxs
could be computed using the results established in ' for generalized p-boxes, this
will not be the case in general. The reason is that the bivariate structure of maxitive
bivariate p-boxes is not preserved when we study them as generalized p-boxes, since
there is not a one-to-one correspondence between their credal sets. To see this more
clearly, consider a type-1 maxitive bivariate p-box defined by:

‘(371,91) (z1,92) (z2,91) (z2,92)
Fl 0 0 0 1
F| 06 1 1 1

If we define the four-element space Z by:

21 = (1‘172’/1)’ 22 = (x17y2)a z3 = (any1)7 24 = (x27y2)7

we obtain the generalized p-box (F,, Fz) given by:

Z1 R9 R3 Z4
F,[0 001
Fzl061 11

Although F is a univariate cumulative distribution function, when we consider
our bivariate framework we obtain the function F that is not a bivariate cumulative
distribution function, because it does not satisfy the rectangle inequality. This shows
that the representation as a generalized p-boxes is entailing a loss of information in
this context. ¢

In the remainder of the section we investigate the number of extreme points of
the cores of maxitive p-boxes. We consider both the univariate and bivariate cases
and, in this second case, type-1 and type-2 bivariate p-boxes.

4.2. Mazitive univariate p-boxes

By Proposition 3, a univariate p-box (F, F) defines a maxitive function if and only
if either F' = Iy, 1 or F = 1. In order to compute the extreme points of the core of
(F, F), it will be helpful to look at the form of the focal sets.

(a) Assume that I/ = Iy, 3. In that case, denote by {u1,...,up} = {z; € &' |
F(z;) > F(z;_1)}, where F(xg) := 0 and u; < ... < uy. Then, the focal
sets are given by:

Ei={zeX|z>w},..,Ex={zeX|z>u},

with respective masses m(E;) = F(uy), m(E;) = F(u;) — F(u;_1) for
i=2,... k Tt holds that By > Ey O ... D Ej.

(b) Assume that F' = 1. Denote by {u1,...,ux} = {z; € X | F(x;) > F(x;_1)},
where F(z9) =0 and u; < ... < uy. The focal sets are given by:

Ei={zeX|z<w},..,Exy={z e X |z <u},



January 24, 2018 10:44 WSPC/INSTRUCTION FILE extremos-rev

FExtreme points of maxitive bivariate p-bores 11

with masses m(E;) = F(u1), m(E;) = F(u;)— F(u;—1) forany i = 2,... k.
It holds that F; C ... C E.

Using the above expressions of the focal sets, we easily see that the plausibility
function associated with a maxitive univariate p-box may have at most n different
focal sets:

(a) If F = Iy, ), take F such that 0 < F(z1) < ... < F(zy,) = 1. Then the
focal sets are By = X, By = {xa,x3,...,Zn}, ..., B, = {z,}.

(b) If F =1, take F such that 0 < F(z1) < ... < E(x,) = 1. Then the focal
sets are given by Fy = {x1}, By = {z1,22}, ..., B, = X.

In both cases, using Equation (3), we obtain that k; = 1 for any i = 1,...,n, and
therefore the number of extreme points equals 1- (1 4+ 1)"~1 = 27~1,

This shows that given a maxitive univariate p-box (F, F), its associated credal
set has at most 2"~ ! extreme points. This number is smaller than the maximum
number of extreme points of the credal set associated with an arbitrary univariate
p-box, which is the Pell number 16, and it is equal to the maximal number of extreme
points of the credal set associated with a possibility measure.

4.3. Type-2 mazxitive bivariate p-boxes

We turn now to the bivariate case. By Theorem 2, any maxitive bivariate p-box
must be either of type-1 (meaning that the lower distribution function F is equal to
Iz, y.)) or of type-2 (meaning that the upper distribution function F is constant
on 1). We begin by considering this second case.

Consider thus a type-2 maxitive bivariate p-box (F,F) on X x Y, and let II
denote its associated possibility measure. In order to alleviate the notation, we
shall refer to I1 as a type-2 possibility measure on P(X x Y). From 17 | the focal sets
of IT are given by:

Er=Aw w5 Bl = Appm) = X XV,

for some elements of X and Y v; < ... < vy =z, and wy; < ... < W = Ym,
respectively, and where A, .,,) is the cumulative rectangle determined by the pair
(vj,w;) defined on Equation (6).

Our first result provides an upper bound of the maximal number of extreme
points of M(II).

Proposition 4. Let II be a type-2 possibility measure on P(X X V). If n,m > 1,
then the number of extreme points of M(II) is strictly smaller than 27™~1,

Thus, unlike the univariate case, the cores of the possibility measures associated
with maxitive type-2 p-boxes will have in general fewer extreme points that those
associated with arbitrary possibility measures on P(X x })). The key here is that
the possibility measure induced by a maxitive type-2 p-box cannot take different
values on all elements of X x ).
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In this section, we shall establish the tightest upper bound on the number of
extreme points of M(II). By Propositions 1 and 2, this maximal upper bound can
only be attained when it is not possible to add an intermediate cumulative rectangle
between two consecutive focal sets. In other words, if £y C ... C Ej are the focal sets
of TI, there cannot exist a cumulative rectangle A, ,y such that F; C A, ) C Eiyq
forsome:=1,...,1—1.

It also follows that the smallest focal element FE; = A(,, .,) must be one of
A1 1) Aer,ys) OF A(zy,y,), while for any other focal element E; = A, .,) with
i > 2, one of the following conditions must hold:

(C1) v; = v;—1 and w;, w;_1 are consecutive elements of X
(C2) w; = w;—1 and v;,v;_1 are consecutive elements of ).

This implies that for M(II) to have the maximal number of extreme points, it is
necessary that one of the following conditions holds:

(Type 2-a) II has n +m — 1 focal sets £y C ... C Eypym—1, where By = A(,, ,,) and
for any : =2,...,n+m — 1, E; and E;_; satisfy either (C1) or (C2);

(Type 2-b) IT has n+m — 2 focal sets Ey C ... C Epqm—1, where Ej is either A, )
or Az, y.)- Also, for any i = 3,...,n+m — 1, E; and E;_; satisfy either
(C1) or (C2).

This motivates the following definition:

Definition 4. A type-2 possibility measure II will be called optimal when it satisfies
either (Type2-a) or (Type2-b). In order to unify the notation, we shall always denote
the focal sets of [l by By C F3 C ... C Epim_1, and make Ey = () and m(FE;) =0
when we are in case (Type2-b).

Taking into account the previous notation and comments, if IT is an optimal type-2
possibility measure with focal sets Fy C ... C FEpym—1, then

Ei=Au,yy=j=r+s—1 Vj=2,...,n+m—1 (9)

Therefore, r + s is even (respectively, odd) whenever j is odd (respectively, even).
Interestingly, not all optimal type-2 possibility measures have the same number
of extreme points:

Example 2. Consider two optimal type-2 possibilities ITy, IIs on P({z1,z2, z3} X
{y1,y2}) with respective focal sets:

E} = A@r) E? = Aw1,y2) Ei/” = A(ws,y2) E‘} = A(zs,yo), for I,
By = A(Ehyl)? Ey = A(Ez’yl)’ By = A(Es,yl)’ By = A(ﬂﬂs,yz)’ for IT.
Taking Equation (3) into account, we obtain k1 = 1,ky = 1,k3 = 2,k4 = 2 for II;

and k; = 1,ky = 1,ky = 1,k, = 3 for II,. Then, the number of extreme points of
M(Hl) is:

ki(1 4+ ko)(1+ks)(1+ky)=1-2-3-3=18,
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while the number of extreme points of M (Ily) is:
y (14 ko) (14 ky)(1+ky) =1-2-2.4=16.¢

We see that the maximal number of extreme points for a type-2 possibility measure
is not determined by looking at an arbitrary optimal one; we must instead determine
which configuration generates the maximal number of extreme points, and also this
maximal number. For this aim, we introduce the following notion.

Definition 5. Let IT be an optimal type-2 possibility measure on P(X x ) with
focal sets By C ... C Eyqpm—1. The level of the focal set E; = A, . is defined as

|r—s|

5 -

Llr;S‘J, that is, the smallest integer less than or equal to

Equivalently, we say that E; = A(,, , ) has level i when:

(a) |r—s| =24, if r + s is even.
(b) |r—s|=2i+1,if r+ s is odd.

Next we show some properties of the levels of the focal sets.

Proposition 5. Let IT be an optimal type-2 possibility measure on P(X x Y) with
focal sets E1 C ... C Epym—1.

(i) level(Eqj11) > max{level(Esj12), level(Es;)} for every j.
(ii) Let Eoj = A(g, ) for j > 1, where r < s. If level(Ey;) = i, then:

s if level(Egj41) = i.
kojt1 = . .
r if level(Egjq11) =i+ 1.

(iii) Let Eoji1 = Ay, y.) for j > 1, where v < s. If level(Eyj 1) = i, then:

rif level(Egjy1) = 1.
kajya = . :
s if level(Egj4q1) =1 — 1.

We deduce that for any optimal type-2 possibility measure II, the number of extreme
points of M(II) is determined by the levels of the focal sets; note that, even if
the second and third statements assume that r < s, in a similar manner we can
establish their analog when r > s (in the case of the second statement note that for
Eyj = Ay, ,.) we cannot have r = s, because of Equation (9)).

On the other hand, Proposition 5, together with conditions (C1)-(C2), imply
that the levels satisfy the following properties:

(Ll) 1eve1(E2j+1)—level(E2j) S {O, 1} VJ
(L2) [level(E;) —level(Eji2)| < 1forany j=1,...,n+m—3.

This allows to give a graphical representation of the optimal type-2 possibility
measures. In Figure 1 we have depicted the case n = 3, m = 5. There, the element
(i,7) refers to the focal set A(; j). The optimal type-2 possibilities start at (1,1)
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and follow the arrows until (3,5). There are as many optimal type-2 possibilities
as different paths to (3,5). Note that in this picture we have considered the case
E1 = A(z, y,); the case of (Type2-b) is determined with a starting point in either
(2,1) or (1,2).

E1 E2 E3 E4 E5 E6 E7

level 1
777777777 (2717)7/"7" e N

level 0

N
A0
>(2’5)/ level 1

level 2

Fig. 1: Optimal type-2 possibility measures for n = 3,m = 5. The element (i, j)
refers to the focal set Ay, 4 ).

On the other hand, if we fix the level of the focal set F;, there are only two
possible focal sets with this level, and we can work without loss of generality with
one of them. This is clarified in the following proposition:

Proposition 6. Let I, I be two optimal type-2 possibility measures on P(X x Y)
with respective focal sets Ey C ... C Enym—y1 and EY C ... C E} . . Assume
E;, = A(’meysqz) and B} = A,y ) fori=1,...,m+1.
(i) If level(E;) = level(E}) then min{r;, s;} = min{r}, s;} and max{r;,s;} =
max{r}, s}.
(i) Define E!' := A ) fori=1,....n+m —1. Then the
sets E!' are nested and their associated possibility measure II" is such that
M(ID) and M(II") have the same number of extreme points.

(Tmin{r;,s; }rYmax{r;,s;

Taking this result into account, we shall assume without loss of generality that for
any optimal type-2 possibility measure IT with focal sets 1 C ... C E,1pm_1, it
holds that E; = A(,, ) with r < s for every i = 1,...,n+m— 1. This will simplify
some of the proofs of the upcoming results.

We are finally ready to establish the main results of this subsection.

Proposition 7. Let IT and II' be two optimal type-2 possibility measures on P(X X
Y) with respective focal sets By C ... C Epym—y and Ef C ... C E}, . . If
level(E;) < level(E%) Vj, with strict inequality in at least one j, then M(II) has
more extreme points than M(IT').
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This result allows us to establish the maximal number of extreme points of a type-2
possibility measure, and to determine which configurations produce this maximal
number.

Theorem 3. Let IT be an optimal type-2 possibility measure on P(X x Y) with
n+m — 1 focal sets F1 C ... C Enim—1. Assume without loss of generality that
n < m (otherwise, we just need to switch the role of n and m). Then, the mazimal
number of extreme points of M(II) is

(n))2(n + 1)m—+t
2 )
and this number is attained if and only if level(E;) = 0 for all j = 1,...,2n. On the

other hand, the minimal number of extreme points for an optimal type-2 possibility
is 2™ Y (m + 1)" L.

(10)

The proof of this theorem, that we can find in the Appendix, details which optimal
type-2 possibilities attain the maximum number of extreme points. They can be
obtained by moving alternatively through the two axis, giving rise thus to the
following focal sets:

Ey = (z1,11),
E2j:(xj+17yj) or EQjZ(xjayj-‘rl)? Vj=1,...,n—1,

Esji1 = (j41,Yj41), Yi=1,...,n—1,

and if m > n,

E2n71+j = (xnvyn+j)7 Vj = 17~~~7m_n~

In a similar manner, from the same proof we obtain a procedure to build optimal
type-2 possibilities that attain the minimum number of extreme points. Here there
are two possible scenarios (remember that we are assuming throughout that n < m):

e If n < m, the focal sets are:

Ej:A(Ihyj)Vj:L...,m, Ej:A( )Vj:m—l—l,...,m—i—n—l.

Tj—m+1,Ym

e If n = m, the focal sets are either:

Ej:A(mhyj)Vj:l,...,m, Ej:A( )Vj:erl,...,ernfl.

Tj—m+1,Ym

or:

Ej=AG, ) Vi=1,...,n, E; =24 yVi=n+1,....m+n—1

TnsYj—n+1

Note that for non-optimal type-2 possibility measures the minimum number of
extreme points if nm, and this value is attained when the only focal set of the
associated plausibility function is X x ) (which as a consequence has mass 1).
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In the particular case when n = 1, the smallest and greatest number of extreme
points of the core of (F, F) are m and 2™~ !, respectively. These two correspond to
the bounds for univariate p-boxes considered in Section 4.2.

In Figure 2 we consider again the case n = 3,m = 5. All the optimal type-2
possibilities that start in (1,1), (2,1) or (1,2) and move to (3,5) only through red
nodes and arrows are those with the maximal number of extreme points, in this
case % = 1152, by Equation (10).

Ey Es Es Ey Es Eg Ex

level 1
777777777 (21)/\(32)

NG N
(1,1) (2,2) (3,3) level 0
\(1,2)/ \(23)/ \(3,4)
7777777777777 S (717éj/"*"\”(ﬁ)f/fﬁfxf(éfsf)*
7\ / ’ \ / level 1
e
(1,5) level 2

Fig. 2: Optimal type-2 possibility measures for n = 3,m = 5. Those attaining the
maximal number of extreme points are the ones going from either (1,1), (1,2) or
(2,1) to (3,5) through red nodes and arrows.

Note that optimal type-2 possibility measures are not in a different layer with
respect to the number of extreme points they induce, in the sense that if II, IT'
are type-2 possibility measures such that II is optimal and II’ is not, it does not
necessarily hold that |ext(M(II))| > |ext(M(IT"))|. This is because we can find
non-optimal type-2 possibility measures with more than 2™~ !(m + 1)"~! extreme
points:

Example 3. Consider n = 2 and m = 5, and the possibility measure II with focal
sets:

El = A(Zg,y2)7 E2 = A(mg,yg)a E3 = A(zQ,y4)a E4 = A(ZQ,ys)-

Then ]{il = |E1| = 4, k‘g = ‘EQ\E1| = 2, k‘3 = |E3\E2| = 2 and k4 = |E4\E3| = 2.
By Theorem 1, the number of extreme points of M (II) is:

ky(14 ko) (1 + ks)(1+ ky) =4-3-3-3 = 108.

This is strictly greater than the minimal number of extreme points of a type-2
possibility with n-+m—1 focal elements, which according to Theorem 3 is 2"~ (m+
1 =2%.6=96. ¢
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4.4. Type-1 maxitive bivariate p-boxes

We consider in this subsection the possibility measures II generated by type-1 max-
itive bivariate p-boxes.

Definition 6. A possibility measure associated with a type-1 maxitive bivariate
p-box will be called type-1 possibility measure.

From 7 | the focal sets of a type-1 possibility measure are given by:

E1 = Af E2 = AE El,1 = El X x y,

vi—1,wi—1) Vi—2,Wi—2)) ") (Ul w1)?
where v1 < ... < w_1 (resp., w; < ... < w;_1) are elements from X (resp., }).
From Propositions 1 and 2, for II to determine a credal set with a maximal number
of extreme points, there can be no set £ = Afms,yr) satisfying E; C E C E;y; for
some 4 = 1,...,] — 1. This means that if F; = A(,, ) is a focal set with i > 2, one

of the following conditions must hold:

(C'1) v; = v;—1 and w;, w;—1 are consecutive elements of X.
(C2) w; = w;—1 and v;, v;_1 are consecutive elements of ).

Also, TT must have n+m—1 focal sets and (v1,w1) = (21, y1)- Therefore, a necessary
condition for the core of II to attain the maximum number of extreme points is that
its focal sets can be expressed by 1 C ... C Eppm—1 =X XY, Epym—o = Athyl)
and for any i = 2,...,n+m — 1 either (C’1) or (C’2) holds. A type-1 possibility
measure satisfying these properties will be called an optimal type-1 possibility.
According to Equation (4), the number of extreme points of M(II) is:

k]_(l + k'2) cee (1 + kn+m71)7
where:

k‘1:|AC ‘, kizlEi\Ei,ﬂ Vi=2,...,n+m—1.

(vi—1,wi—1)
It is useful to note that there is a one-to-one correspondence between optimal type-
1 and (Type2-a) possibility measures. The reason is that for an optimal type-1
possibility measure with focal sets

E = Afvl,wl) C...CEymo= A@)Hm ., A° y C Enim_1=&XY,

—2,Wntm—2)  “(x1,91)

we can define an optimal type-2 possibility IT with focal sets:

B =2 = Ao i 2 wnim—2) for j=1
Ej - E”Cl+m j—1 A(’Uﬂ‘F"b*j*l)wn+m.7j—1) for .] = 2a co,nt+m— 2 (11)
A xy for j=n+m—1.

Furthermore, if we denote by k1 = |E1|, k; = |F;\F,;_1| for any i = 2,... n, then:

|E1| = |A(vn+m 2, ‘A(Tl, |X X y\AC 17y1)| = kn+m71~

k = ‘E \EZ 1| = |A(vn+m iy Wntm— z)\A(Un+m i1, Wntm — 1+1)‘
v |En+m z\En-i-m i— 1| —kn-i-m 7

Wn+4m— 2)| y1)|

(Vntm—it1,Wntm— L+1)\A(vn+m > Wntm—i)



January 24, 2018 10:44 WSPC/INSTRUCTION FILE extremos-rev

18 I.Montes, E. Miranda

This means that the number of extreme points of an optimal type-1 possibility is
equal to k; Hp:+2m—1( 1+ k;), or equivalently:

(2

n+m—2

Fngma [[ (1 4E). (12)

i=1
It follows from this that M (IT) and M (II) will not have in general the same number

of extreme points.

Example 4. The one-to-one correspondence between optimal type-1 and (Type2-
a) possibility measures defined in Equation (11) can be given a graphical interpre-
tation. Consider, for simplicity, the case n = 2,m = 3, and the optimal type-1
possibility measure whose focal sets are:

E1 = A?mz,yz)’ E2 = Aahlﬁ)’ E3 = A( E4 =X x y

T1,Y1)>

Then, according to the previous comments, its associated (Type2-a) possibility mea-
sure has the following focal sets:

By = A(w17y1)’ Esy = A(ﬂh,yz)? B3 = A(I27y2)7 By = A(w27y3) =X x ).

We have depicted the focal sets F; and EZ- and their connection in Figure 3. ¢

E, Fy Fs F;
Y3 Y3 Y3 Y3
Y2 Y2 Y2 Y2
Y1 y1 @— Y1 Y1

] o 1 o Ty o Xy T2
Y3 Y3 Y3 Ys @—@
Y2 Y2 Y2 Y2
Y1 Y1 Y1 Y1

1 x2 1 x2 Z1 T2 Z1 T2

E, Es E, E,q

Fig. 3: Connection between type-1 and (Type2-a) possibility measures.

The above connection between type-1 and type-2 optimal possibility measures al-
lows us to define the level of the focal set of a type-1 possibility measure.
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Definition 7. Let II be an optimal type-1 possibility with focal sets £y C ... C
Eytm-1, and denote by II its associated type-2 possibility with focal sets Ey C
... C Eptm—1, given by Equation (11). We define the level of E;, level(E;), as:

level(E;) = level(Ep4m—j)-

As we did with type-2 possibility measures in Section 4.3, we can also give a graphi-
cal representation of type-1 optimal possibility measures. For the case n = 3, m = 4,
Figure 4 shows that any optimal type-1 possibility must move either from (3, 3) or
(2,4) to (1,1) by following the arrows, where (i, j) represents the focal set Af%yj),
and also taking into account that the last focal set is not depicted because it should
be X x ).

,,,,,,,,,,,,, / (73;71)7\”7””7””” level 1
(2,1) (3,2)\

(3a3) level 0
/

)
a, 4)/ level 1

Fig. 4: Optimal type-1 possibility measures for n = 3, m = 4. The element (i, j)

refers to the focal set A‘(::ci,yj), and Fg = Agy 0, -

We are now ready to give the main results, that are the counterparts to Propo-
sition 7 and Theorem 3.

Proposition 8. Let II and II' be two optimal type-1 possibility measures with focal
sets B1 C ... C Epqpm-1 and By C ... C E} ., respectively. If level(E;) <
level(EY;) Vj, with strict inequality in some j > 1, then M(II) has more extreme
points than M(I1"). When the inequality is only strict for j = 1, both M(II) and
M(IT") have the same number of extreme points.

This result allows us to compute the maximal number of extreme points gener-
ated by a type-1 possibility measure.

Theorem 4. Let II be an optimal type-1 possibility measure on P(X x )), and
assume without loss of generality that n < m (otherwise we just need to switch the
role of n and m). The mazimal number of extreme points of M(II) is:

(n)2n(n +1)m"".
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When n =m or n < m — 1, this mazimum is attained if and only if level(E;) = 0
foranyj=m-—n,... m+n—1. Whenn=m—1, this mazimum is also attained
when level(E;) =0 for j > 1 and level(E,) = 1.

The minimal number of extreme points of M(I1) is given by m2™ (m + 1)"~2.

The following example illustrates the result.

Example 5. Consider X = {x1, 22,23} and YV = {y1,¥2, 93, Yy}, that is, n = 3 and
m = 4. In Figure 5 we have depicted all the optimal type-1 possibility measures.
The ones attaining the maximal number of extreme points are those whose focal
sets have zero levels, as well as the type-1 possibilities whose focal sets are:

b= A€$2vy4)’ b= Aazws)’ By = ((2162,3/2)’ By = A?ﬂthm)’ Be =& x ),
and where F is either Afwz 1) OF Afwl ya)" Furthermore, the maximum number of

extreme points is:
(n)n(n+1)™"" = (31)?-3-4' =36 - 12 = 432,

and the minimum one is m2™(m + 1)"~2 = 320. If we compare these with the
maximum and minimum number of extreme points of optimal type-2 possibility
measures, established in Theorem 3, we obtain that the maximal number is

(n!)?(n + 1)m=—n+L
2

while the minimal number is 2™~ 1(m + 1)"~! = 200. ¢

= 288,

Taking into account Theorems 3 and 4, we conclude that given a maxitive bivariate
p-box on X x Y, where |X| = n < |Y| = m, the maximal number of extreme points
is attained with the optimal type-1 possibility measures.

E5 E4 E3 E2 El

(3,1) level 1
********* el Sanl

>(3 3) level 0

.4)
(174)/ level 1

Fig. 5: Optimal type-1 possibility measures for n = 3, m = 4. The ones whose core
has the maximal number of extreme points are those whose focal sets go from either
(3,3) or (2,4) to (1,1) through red nodes and arrows.
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5. Conclusions

Under an epistemic interpretation, an imprecise probability model can be regarded
as equivalent to a set of compatible probability measures. This set is closed and con-
vex, and it is uniquely determined by its extreme points. The number and features
of these extreme points are thus important for a number of practical purposes, for
instance when dealing with credal networks.

The following table summarizes the maximum number of extreme points for the
core of the different imprecise probability models in the univariate case, in terms of
the cardinality n of the possibility space:

5 et (M(0)]

Coherent upper probability n! 28
2-alternating capacity n! 24
Plausibility function nl4

Possibility measure gn—l 14
Univariate p-box P, 16
Maxitive univariate p-box on—1

Comparative probabilities on—1 15

In this paper, based on the formula established in 22 for the number of extreme
points of the core of a possibility measure, we have investigated the number of
extreme points of the core of maxitive uni- and bivariate probability boxes. The
maximum number of extreme points is in those cases noticeably inferior to the case
of arbitrary coherent upper probabilities, or that of plausibility functions. Moreover,
we have determined in which cases the bound is attained. Interestingly, the formula
from 22 shows that the number of extreme points depends on the number and
cardinality of the focal sets of the possibility measure, but not on their masses.

One additional difficulty in the bivariate case is that, unlike the univariate case,
the upper probability associated with a bivariate p-box need not be a plausibility
function, or even coherent; for this reason, we have focused on one particular sub-
family of bivariate p-boxes: those whose associated upper probability is maxitive.
For those, the maximum number of extreme points of the core is given by:

(E,F) | lext(M(E, F))|

(n!)2(n+1)7n7n+1

Type-2 maxitive 5
Type-1 maxitive | (n!)?n(n+1)m""

In these formulas, we assume n = |X'| < m = |Y|; they can be given for the general
case in terms of max{n,m} and min{n, m}. Notice how the maximum number of
extreme points is different for the two types of bivariate p-boxes that may induce
a possibility measure: the number for type-2 p-boxes is % times the number for
type-1 bivariate p-boxes. This lack os symmetry was already present in the results
in 17, and it is due to the use of different families of cumulative rectangles.

In any case, we see that the maximum number of extreme points is much smaller
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than that of an arbitrary possibility measure on P(X x V), which is 2"™~!: this
is because not every possibility measure can be obtained as the upper probability
of a bivariate p-box, and it also means that maxitive bivariate p-boxes should be
more tractable from a computational point of view, because as we have seen, for
maxitive bivariate p-boxes either F or F is vacuous. One side remark here is that in
our results we are employing the assumption made in 17 that every pair (x;, y;) has
strictly positive upper probability: nevertheless, for maxitive bivariate p-boxes this
simply means that the union of the focal sets must be equal to the product X x ).

More generally, it would be interesting to investigate the maximum number of
extreme points for the core of bivariate p-boxes that induce a plausibility function
or a coherent upper probability, but that are not maxitive. In this sense, we should
first of all characterize those bivariate p-boxes that are coherent (some results in
this sense can be found in 2!) and those that induce a plausibility function. We
think that a multi-valued mapping representation might be useful for this second
problem.
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Appendix. Proofs

Proof. [Proof of Proposition 1] Using Theorem 1, M(II) has k1 (1+k2)-...-(1+k;)
extreme points, where the values k; are given in Equation (3). For IT'; we have the
following values:

If; = kj for any ] 7é i+ 1, ;_,_1)1 = |E*\El|, £+172 = ‘Ei+1\E*|,



January 24, 2018 10:44 WSPC/INSTRUCTION FILE extremos-rev

24  I.Montes, E. Miranda

where obviously ;. , + ki, o = kit1. This implies that:

(1 + k§+1,1)(1 + k§+1,2) =1+ k§+1,1k2+1,2 + k7/2+1,1 + k§+1,2
= (L4 kiv1) + ki1 1 ki 0 > 1+ ki

Therefore, the number of extreme points of M(IT') is:
kil kg) oo (LR - (L Ry ) (U K o) (L Kiyo) - (T4 )

Proof. [Proof of Proposition 2] By Theorem 1, the number of extreme points of
M) is k1 (1+ka)-...-(1+k;), where again the values k; are given in Equation (3).
On the other hand, in the case of M(IT'), Equation (3) gives:

k=|E*|,k' = |E\\E*|,ki = |[E\E;i_1| =k Vi=2,...,1,
where k + k' = k1, and therefore:
EA+k)=k+kk' >k+Fk =k
the inequality is strict when k > 1. Thus, the number of extreme points of M(II")

is given by:
EA4+E)YQ+k) oo (T4 k) > k(L + k) - ..o (L + k) = |ext(M(ID))),
where the last inequality is strict when |E*| =k > 1. O

Proof. [Proof of Corollary 1] That both these conditions are sufficient for M (IT)
to have 2"~ ! extreme points follows from Theorem 1.

To see that they are also necessary, assume ex-absurdo that there is some i €
{2,...,1} with k; > 1. Then, there we can find a set E* such that F; 1 C E* C E;,
and applying Proposition 1 we can use it to determine a possibility measure I’ such
that M(II') has more extreme points that M(II). Thus, M(II) does not have the
maximal number of extreme points. O

Proof. [Proof of Proposition 4] Let E; C ... C E; be the focal sets of II, where
Ey = A, 4, = X x Y. By Corollary 1, in order for M(II) to have 2"™~! extreme
points, the set E;\FE;_; should have one element, i.e., E;_1 = X X V\{(@n,ym)}
However, when n,m > 1 this set is not a cumulative rectangle. Thus, M(II) cannot
have 2"~ extreme points. O

Proof. [Proof of Proposition 5]

(i) Let us prove that level(Es;11) > level(Eyj42) for every j.
Assume that FEojy1 = A, .. Since r + s is even by Equation (9),

we have that level(Faj41) = @, because r + s,|r — s| have the same
parity. Taking conditions (C1), (C2) into account, there are two possi-
bilities: either Eajio = A(g, ., .y,), Whence level(Eyj o) = ij, or
—s—1
Eojro = A(z, 4., 1), Whence level(Eyj o) = L%J
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In any case, [r +1— s| and |r — s — 1| cannot be greater than |r — s| + 1,
SO 16V€1(E2j+2) < ‘Tgsl :19V61<E2j+1).
In a similar manner we can show that level(Esj4+1) > level(Es;) for ev-

ery j: conditions (C1) and (C2) imply that either Ey; = A, .,

WJ; or Egj = A(Irfysfl)’ whence level(E2j+2) =

whence level(Es;) = |
L%J Again |r—1—s| and |r — s+ 1| cannot be greater than |r —s|+1,
whence level(Ey;) < ‘T;S‘ =level(E2j41).

(ii) Let us prove next the second statement; the proof of the third is analogous.
We already know from the first statement that level(Ey;) <level(Es;i1).
Moreover, if Eaj = A, ., then level(Ey;) = |7‘7;71|’ because |r — s| is
odd. Since either Faji1 = A,y OF E2ji1 = A, y,,,), we have the

following two possibilities:

a) If level(Eyj41) =level(FEy;), then Eoj 1 = Ay, y.), and therefore:
kojy1 = |E2jr1\E2j| = (r+1)-s—r-s=s.
b) Iflevel(Eqj41) =level(Ey;)+1, then Eyj 1 = Ay, 4..,), and therefore:
koji1 = |Eojr1\Eoj| = (s+1)-r—s-r=r. |

Proof. [Proof of Proposition 6] We begin with the first statement. Let E; =
A(wi’ysl_) and without loss of generality assume that r; < s;. Take E] = A(IT.{ )
and assume that level(E;) = level(E!). By Equation (9), we know that r; +8 =
i+ 1=r]+s). Consider two cases:

Case 1 i is odd. Then:

— Iy
|51 > "il _ Jevel(Ey) = level(E!) = [T = %l
This implies that s; —r; = |s; — r{|, whence either Ej = A, ) or
E{ = A(Jcsi,y”)'
Case 2 i is even. Then:
-1 I gl -1
5=l =L (B = level(B)) = S =L
2 2
Thus, s; —r; = [s; — rj|, and as a consequence either £} = A, ) or

E; = A(Is 7y7")'

From this we deduce that min{r;, s;} = min{r}, s;} and max{r;, s;} = max{r}, s;}.
We turn now towards the second statement.

Let us prove that B C E} | for any i = 1,...,n4m—2. We have the following

possible scenarios:

(a) Ef = E; and E, | = E;y1. Then trivially E} C E} | because E; C E; 1.

(b) E = E; and E} | # E;y1. This means that:
Ei=Aw,, 4. =B/

1/
i Byt =A@, 1, and By = A,

7y7‘7¢+1)’
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whence E] C E, ;.
(c) B # E; and B}, = E;;1. This means that:

Ei = A(wri7yri—1)7 E’:/ = A(I”—l,yri)’ Ei+1 = A(m,«l ;yri) = Eig‘l
Thus, E] C E},,.

K3

(d) E # E; and B\, # E;;1. This means that E; = A(gc”,ysl_) and F; 1 =

(CISRET with r; > s; and Ti41 > Sit+1 with r; < Tit1,Si < Sig1- Then:

EZ(/ = A(Isi,yri) and Ei+1 = A(

Ts;yqoYripl)

and therefore £ C EY, ;.

Now, by definition it is clear that both E; and E! have the same level (|r; — s;| =
|s; —7i|). Applying Proposition 5 we deduce that the values k; and k:;/ also coincide
and consequently using Equation (4), |ext(M(I))| = |ext(M(IT"))]. O

In order to prove Proposition 7, we must establish first a number of auxiliary
results:

Lemma 1. Let I II' be two optimal type-2 possibility measures. Assume that they
satisfy the following properties:

(1) The focal sets of I1 are given by Ey C ... C Epym—1 such that E; = A, ),

Eit1 =A@, 1y 0d By = A,y y.10)-
(2) The focal sets of II' are given by

EyC...CE;,CE[,,CE42C...C Epym_1,

/thh E'L = A(xrays)’ Ei+1 = A(wr,y3+1) and Ei+2 = A(xr+17ys+1)'
(3) s>r.

Then, |ext(M(I))| > |ext(M(IT'))].
Proof. From Equation (4), we only need to show that (1 + ki11)(1 + kiy2) >

(1 + ki )(1 + ki), where kj = |E; \ Ej_1| and k} = |E} \ E}_,|. From the
hypotheses, we obtain

kivi = |Eip\Ei|=(r+1)-s—r-5=5
kit = |Eip2\Eipa| = (r+1)-(s+1) = (r+1)s=r+1

while

ki =B \Ei|=(s+1)-r—s-r=r.
Ko =|Eiyo\Eiy1|=(r+1)-(s+1)—(s+1)-r=s+1.

Now, since s > r,
(kig1 +1) - (ki + 1) = (s + 1)(r+2) > (r+ 1) (5 +2) = (kypy +1) - (kip + 1),

and as a consequence M(II) has more extreme points than M (II). O
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Corollary 2. Let II,II' be two optimal type-2 possibility measures. Assume that
they satisfy the following properties:

(1) The focal sets of 11 are given by E1 C ... C Epym—1 such that level(E;) =
level(E; o).
(2) The focal sets of I are given by

Ei1C...CE;,CE[{,CEi42C...C Epym-
such that level(E}, ) > level(Ei1).
Then, lext(M(II))| > |ext(M(IT))].

Proof. This is a straightforward reformulation of Lemma 1 in terms of levels. 0O

Lemma 2. Let IT and I be two optimal type-2 possibility measures on P(X X V),
with respective focal sets By C ... C Epqp—y and Ef C ... C B}, _|. As-
sume that level(E})—level(E;) € {0,1} for any j = 2,...,n +m — 1 and that
level(E;)—level(E;) = 1 for at least one j. Then, |ext(M(I))| > [ext(M(IT'))].

Proof. Taking into account Proposition 6, we can assume without loss of generality
that if A, ,.) is a focal set E; or Ej, then r < s.

1
Let us proceed by induction on

y=1j€{2,...,n+m—1} :level(E}) —level(E;) = 1}|.

First of all, assume that v = 1, and let j + 1 satisfy level(E} ,)—level(E;;1) = 1.
Thus, level(E;) =level(E!) for any i # j+ 1 because v = 1, and therefore, according
to Proposition 6, E; = E! for any i # j + 1. There are two possible cases:

(1) i = level(E;) = level(E}) = level(E7, ;) > i—1 = level(E};1). According to
Proposition 5, j must be odd. Also, since v = 1, conditions (L1)—(L2) imply
that level(Ej12) = level(E7,,) = i — 1. Since E; = Ej for any i # j + 1,
Corollary 2 implies that M (IT) has more extreme points than M(II).

(2) i = level(E;) = level(E}) = level(Ej11) < i+ 1 = level(£},,). By Propo-
sition 5, j must be even. Also, since 7 = 1, the same result tells us that
level(Ej2) = level(E},,) = i. Taking into account that E; = E] for any
i # j + 1, Corollary 2 implies that M(II) has more extreme points than
M(IT).

Next we consider the case of v > 1 and denote j +1 = min{2,...,n+m — 1 |
level(E%) — level(E;) = 1}; the idea of the proof is to build another possibility
measure IT* such that M(II) has more extreme points than M (IT*), which in turn
has more extreme points such than M(IT'), and to apply the induction hypothesis
on IT*. There are two possible scenarios:

(1) i = level(E;) = level(E}) = level(Ej 1) < level(E’, ;) = i+ 1. According
to Proposition 5, j is even. We consider again the following cases:
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(1a)

level(Eji2) = i < i+ 1 = level(E},,). We consider the possibility
measure [I* whose focal sets are EY C ... C K, ., where

1 =FEj,, and Ef = E, for any s # j + 1.

Note that the focal sets E;" are nested: obviously E; C £}, for any i =
1,...,5=1,j+2,...,n+m~—1because Ef = F; and £}, | = E;y1. On
the other hand, if £; = A(,, 4.), the equality level(E}) =level(E;2)
implies that E} ; = A(s,, y.,,)- Therefore, 7., is either A,
or A(z, ., y.), and in both cases £ C E7, | C EJ .

According to Corollary 2, M(II) has more extreme points than
M(IT*), level(E?%) < level(E%) and

{je{2,...,n+m—1} |level(E}) — level(E}) = 1}| = v — 1.

'r'7ys+1)

Applying the induction hypothesis, M(IT*) has more extreme points
than M(II"), whence M(II) has more extreme points than M (IT').
level(Eji2) = i —1 < i = level(E},,). We consider the possibility
measure [I* whose focal sets are Ef C ... C I}, where

Ei ) = Ej;1 and E; = E_ for any s # j + 1.

Following the same reasoning than in (1a), we can verify that the sets
E7 are nested and that as a consequence II* is a possibility measure. By
Corollary 2, M(IT*) has more extreme points than M(IT'); moreover,
level(E?}) < level(E;) and

{je{2,...,n+m—1}|level(E}) —level(E;) = 1}| =~ — 1.

Applying the induction hypothesis, M(II) has more extreme points
than M (IT*), whence M(II) has more extreme points than M (IT').
level(Ej42) =i = level(E} ;). We consider the possibility measure I1*
whose focal sets are EY C ... C B, ., where

Ei ,=Ej;1 and E = E_ for any s # j + 1.

Reasoning as in (1a), we can easily verify that the sets E} are nested
and therefore IT* is a possibility measure. By Corollary 2, M(IT*) has
more extreme points than M (IT'); moreover, level(Es) < level(EY)
and

{j€{2,...,n+m— 1} |level(E]) — level(E;) = 1} =y — 1.

Applying the induction hypothesis, M(II) has more extreme points
than M(IT*), whence that M(II) has more extreme points than
M(IT).

(2) The second possible case is that i = level(E;) = level(£?) = level(E} ;) >
level(E,+1) =i — 1. Here we have three possible scenarios:

(2a)

level(Ej2) =i —1<i=level(E},).
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(2b) level(Ejq2) =i <i+1= 1eve1(E§+2).
(2¢) level(Ej 2) =i = level(E],).

The proof of these three cases is analogous to that of (1a)—(1c) above. O

[Proof of Proposition 7] Taking into account Proposition 6, we can assume

without loss of generality that if A, . ) is a focal set of IT or II', then r < s.
Consider the value

o = max{level(E}) — level(E;) : j =2,...,n+m — 1}

we shall make the proof by induction over a. For o = 1, the result was proven in
Lemma 2. Consider the case of a > 1, and let us define

y=Hje{l,....n+m—1} :level(E}) — level(E;) = a}|.

Again, let us proceed by induction over v. For v = 1, denote by j + 1 the unique
element such that level(E7, ;) — level(E;;1) = a. This implies that level(£}) —

level(E;) = a — 1. There are two cases:

(1)

i = level(Ej) > level(Eji1) =i—1,i+a—1=level(E}) = level(E ).
According to Proposition 5, 7 must be odd. Also, since v = 1, conditions
(L1)~(L2) imply that level(Eji2) = i and level(E},,) = i+ a — 1. We
consider the possibility II* with focal sets Ef C ... C E};,,,  given by:

Ei =FE, E;=EFEforanys#j+1,

where E; C E C Ej o and level(E) = i. Then, according to Corollary 2,
M(II) has more extreme points than M (II*), level(E¥) < level(E’) and

max{level(E}) —level(E}) :j=2,...,n+m—1} =a -1

whence by the induction hypothesis, M (IT*) has more extreme points than
M(IT).

i = level(E;) = level(Ej1), i + a — 1 = level(E}) < level(E} ;) =i+
a. According to Proposition 5, 7 must be even. Also, since v = 1, using
conditions (L1)-(L2) we conclude that level(E;2) = i and level(E’,,) =
i+ a—1. We consider the possibility II* with focal sets £} C ... C B}, .
given by:

T =FE, E{=E foranys#j+]1,
where Ei C E C E},, and level(E) = i + a — 1. Then, according to
Corollary 2, M(II*) has more extreme points than M(II), level(Es) <
level(E%) and
max{level(E£7) —level(E;) : j =2,...,n+m -1} =a—1,

whence by induction hypothesis, M(II) has more extreme points than

M(IT*).
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We conclude in either case that M(II) has more extreme points than M (IT').
Next we consider the case of v > 1 and denote

j+1=min{2,....,n+m—1:level(E}) —level(E;) = a}.

This implies that level(E?) — level(£;) = a — 1. There are two possible cases:

(1) i = level(E;) = level(Ej1), i + a — 1 = level(E}) < level(E} ;) =i+ a.
According to Proposition 5, j is even. We consider again the following cases:

(1a)

i = level(Ej 2), i+a = level(E, ,). We define the possibility measure
IT* with focal sets EY C ... C B}, ., given by:

Ei =FE, E;=EFEsforanys#j+1,

where E; C E C Ej;2 and level(E) =i+ 1. According to Corollary 2,
M(II) has more extreme points than M(IT*), level(E*) < level(EY)
forany s=2,...,n+m —1 and

{je{2,...,n+m—1} :level(E}) — level(E}) = a}| = v — 1.

Applying the induction hypothesis, M(II*) has more extreme points
than M(II'), whence M(II) has more extreme points than M(IT").
i—1=level(Ej42),i+a—1=level(E],,). We define the possibility
measure [I* with focal sets &Y C ... C Ej; | given by:

Ei ,=FE, E;=E foranys#j+]1,

where E C £ C E},, and level(E) = i + a — 1. According to Corol-
lary 2, M(IT*) has more extreme points than M(II'), level(Es) <
level(E?) for any s =2,...,n+m — 1 and

{je{2,...,n+m—1} :level(E}) — level(E;) = a}| =~ — 1.

Applying the induction hypothesis, M(II) has more extreme points
than M(II*), whence M(II) has more extreme points than M (II).

i = level(Ejy2), i + a — 1 = level(E},,). We define the possibility
measure [I* with focal sets Bf C ... C Ej,,,_ given by:

Ei ,=E, E;=E foranys#j+]1,

where £} C E C Ej,, and level(F) = i + a — 1. By Corollary 2,
M(II*) has more extreme points than M(IT'), level(E?*) > level(Ej)
forany s=2,...,n+m —1 and

{je{2,...,n+m—1} :level(E}) — level(E;) = a}| =~ — 1.

Applying the induction hypothesis, M(II) has more extreme points
than M(II*), and as a consequence it also has more extreme points
than M(IT').
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(2) The second possible case is that of ¢ = level(E;) > level(E;1) = i — 1,
i+a—1=level(E}) = level(£7, ;). According to Proposition 5, j is odd.
Here there are three possible scenarios:

(2a) i — 1 =level(Eji2), i + o — 1 =level(£],).
(2b) i =level(Ej42), i + a =level(E] ).
(2¢) i =level(Eji2), i +a—1=level(E,,).

The proof of these cases is analogous to that of cases (1a)—(1c) above. O

Proof. [Proof of Theorem 3] Let IT be an optimal type-2 possibility measure whose
credal set has the maximum number of extreme points. This only happens if the
level of any Ej is the minimum possible, or, equivalently, if level(E;) = 0 for any
j=2,...,2n. It follows that the focal sets of IT must be:

Esji1 =A@, ,y,), forany j=1,...,n—1,
Esj = A, y;11) OF Boj = Az, forany j=1,...,n—1,
Eon = A(In,ym+1)7 cee 7En+m—1 = A(zn,ym)a

and also either £y = A(,, ,,) or £y = 0.

If I’ is another type-2 optimal possibility different than II, it must have some
focal set F; with level(E}) > 0 for some i, and therefore from Proposition 7 the core
of IT has more extreme points than that of IT'.

Consider the case By = A(;, 4,); applying Proposition 5, the values k; associated

with II are:
.klzl.
e Forj=1,...,n—1, koj = j.
e For j =2,.. nkQJ 1=17.
) Forj=2n7...,n+m—1,k =n.

By Equation (4), the number of extreme points of M(II) is

n+m-—1 n—1 n n+m—1
ke J] Q+k) =k [JQ+key) [JA+E-0) [ 4k
j=2 j=1 j=2 J=2n
n—1 n n+m—1
=1JJ H 1+5) [ (n+1)
j=1 j=2 Jj=2n 9
= (n!) <T;'(n + 1)> (n+1)"" = (n;) (n+1)mn+t,

When E; = ), we deduce from Proposition 2 that the maximal number of extreme
points is the same as in the previous case.

Next we focus on the minimal number of extreme points. As we have seen in
Proposition 7, the greater the levels, the smaller the number of extreme points. We
consider thus the following cases:

o If j < m, the maximum level for E; = A, , ) is achieved when either
r=j,s=1lorr=1,s = j. Therefore, either E; = A, ,,)or Ej = A, ,.)-
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e If j > m, the maximum level for E; = A, ,.) is achieved when either
r=m,s=j—m+1orr=j—m+1,s=m. Therefore, either F; =

A(Im,yj—erl) or Ej = A((Ejf'm,#»lyy'm)'

Since the focal sets must be nested, there are two possibilities:
(1) If n < m, then the focal sets must be:

Ej:A( )Vj:2,...,m, EJZA( )Vj:m—i—l,...,m—i—n—l.

(13)

Z1,Y; Tj—m+1,Ym

(2) If n = m, then the focal sets must be either as in Equation (13) or:
Ej = A(z_j,yl) Vi=2,...,n, Ej = A(fbn,yj—m+1) Vi=m+1,...,m+n—1.

According to Proposition 5, the values k; are given by:

1 forj=1,...,m.
k= (14)
m forj=m+1,.... m+n—1,

and applying Equation (4), the number of extreme points is given by:

k(1 + k). (14 kpymet) = 27 Y (m + 1) o

Lemma 3. Let II, II' be two optimal type-1 possibility measures. Assume that:

e focal sets of 11 are given by 1 C ... C Epym_1, with By =
1) The focal sets of II are given by E Eps it 5y = A
e focal sets o are given by E{ C ... C 4, wi =
2) The focal sets of I are given by E/ By, with B = A
and E! = E; for any i > 1.

Then, |ext(M(II))| = |lext(M(IT'))].

TnyYm—1)"
c

(Tr—1,Ym)

Proof. Let us denote by k; and k] the elements:
kv = |E1|7 ki = |Ei\Ei—1|’ kll = |E1|’ k; = |E1{\Ez{—1|7

for any ¢« = 2,...,n +m — 1. Since F; = E| for any ¢ > 1, k; = k. for any
i=3,...,n+m— 1. Let us compute the values of kq, ko, k], k5. For this aim, note

that since Fp = Fj, it must hold that Fy = Fy = Af, . Therefore:

ki = |Ex| = A, .. | =nm—n(m-1)=n.
ko

BB = [AS, o NAS = Ay )\ A1)

nm—-1)—n—-1)(m-1)=m—1.

1= B =14, g, =nm = (n—1jm =m.

ké - |E5\E£| = ‘Agwnfl7ym—1)\AEIn—1,ym)| = |A(wn*1)ym)\A(wnflxymfl)|
=n—-1m-n—-1)m-1)=n-1.

Then,
ki1(1+ ko) = nm = k(1 + k),
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whence

n+m—1 n+m—1 n+m—1

k1 H (1+ ki) = ka (1 + ko) H (1+k;) = nm H (1+ ki)
=2 n+m—1 =3 n+m—1 Z:3n+m71

=nm [ Q+k)=kQ+k) J[ Q+&)=k ] Q+&),
=3

i=3 =2

and therefore M(II) and M(II") have the same number of extreme points. |

Lemma 4. Let II,II' be two optimal type-1 possibility measures. Assume that they
satisfy the following properties:

(1) The focal sets of I1 are given by E1 C ... C Epqm—1 such that E; = Afzr’ys),
Ei+1 = Afzr—lays) and Ei+2 = Afmr_lyys_l).
(2) The focal sets of IU' are given by

Ei1C...CE;,CE[CEi42C...C Epym

such that E; = A¢ Ei1=A

(Tr,ys)? and Ei+2 =A
(8) s>r.

C C
(Tr,ys—1) (Tr—1,ys-1)"

Then, |ext(M(I'))| > |ext(M(II))|.

Proof. From Equation (4), we only need to show that (1 + ki11)(1 + kiz2) <
(14 ki) (1 + ki)
For II, it holds that:
ki-{-l = |E7l+1\Ei‘ = ‘A?xr,l,ys)\AzET,ys” = |A(w7'xys)\A(‘T7'flvyS)
=rs—(r—1)s=s
kivo = |Eipo\Eiv1| = [AG, . )\AG 100
=(r—-1s—(r=1)(s—1)=r—1.

= Az, 1.y \A@r_1,y0-1)]

On the other hand, since for any j # i+ 1,i + 2, ki, = |Ej \E;| and ki, =
|Eiy2\E, |, then k} = kj;, and furthermore:
ki1 = 1B \Eil = AT, 4. ) \A, 4.
=rs—r(s—1)=r.
;+2 = |EZ{+2\E£+1‘ = ‘Afzr,l,ys,l)\Afxr,ys,l)| = |A(xr,ys_1)\A(mr_1,ys_1)|
=r(s—1)—(r—1)(s—1)=s—1.

=A@y \A@ryo— 0l

Since s > r,
I+ ki) I+ ko) = (s+1)r < (r+1)s = (14 ki) (1 + ki, o).

Consequently, M(II') has more extreme points than M(II). |
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Lemma 5. Let II and II' be two optimal type-1 possibility measures on P(X x Y),
with respective focal sets E1 C ... C Eyypm_1 and B} C ... C E,,, ;. As-
sume that level(E})—level(E;) € {0,1} for any j = 2,...,n 4+ m — 1 and that
level(E})—level(E;) = 1 for at least one j. Then, it holds that:

(1) If level(E})—level(Ej) = 1 only for j =1, |ext(M(ID))| = |ext(M(I"))|.
(2) Otherwise, |ext(M(II))| > |ext(M(IT"))].

Proof. The first case follows from Lemma 3, taking into account that two focal
sets coincide when their levels coincide.

The proof of the second statement is analogous to that of Lemma 2 by using
Lemma 4. O

Proof. [Proof of Proposition 8] When the inequality level(F;) < level(E?) is strict
only for j = 1, we are in the conditions of Lemma 3, so both M(IT) and M(II')
have the same number of extreme points.

For the other case, the proof is analogous to that of Proposition 7 by using
Lemmas 3 and 5. O

Proof. [Proof of Theorem 4] In order to obtain the maximum number of extreme
points, the focal sets of II must have the minimum possible level. Let II be the
optimal type-2 possibility measure associated with II. From Theorem 3 we know
that the focal sets of ﬁ, El, ceey Ener,l, have the minimum possible level when
they are given by:

§2j+1 = Az, y;)s foiany 7j=0,...,n—1.
lzgj = A(z;,y;11) OF E2j~: Alzjir,y,s forany j=1,...,n—1
EQn = A(wnyy7n+1)7 M 7En+m_1 = A(w'/uyvn)'

Then, the focal sets of IT must be:

E; = Efn-&-n—l'—l = Afmmymﬁ), forany j=1,...,m—n—1.
Enim—oj = Egifl = Afzj’yj) for any j=1,... )T
En+m72j71 = Eé/j = A((/Tj7yj+1) or En+m72j71 = Eé_] = A((/ijrl’yj)

forany j=1,...,n—1.
Eernfl:XX.)L

Furthermore, since k; = Eern,j, and therefore, making use of Theorem 3:

k; :%mﬂt,j =n, forany j=1,...,m—n—1.
kntm—2j = %QJ-N: j, forany j=1,...,n.

Entm—2j—1 =kojp1=4+1, forany j=1,...,n - 1.
Emin_1=1.
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This means that the maximum number of extreme points is:

n+m—1
ke ] +k)
j=1
m—n—1 n n—1
=n H 1+k; H(l + kntm—2;) H (L + kntm—2j—1)(1 + kmin-1)
=2 =1 =1
—n 1 ! n n—1
=2n [] (n+ )H(j+1)H(j+2>
j=2 j=1 j=1

= 2n(n +1)™ "~ 2( F D — (1) ()2

Consider now the case m = n + 1. Then, as we have seen, the following focal sets
determine an optimal type-1 possibility II with the maximum number of extreme

points:
Eyj 1= A?mn__,“,yn ) ,forany j=1,...,n -
Ey; = A?xn,jﬂ yn_y) OF EQJ = A(xn SUna1)? forany j=1,...,n
If we replace the focal set Fy = A(r ) by E] = A?rn_l,yn,+1)’ then by Lemma 3 we

obtain an optimal type-1 possibility inducing the same number of extreme points
than II.

With respect to the minimal number of extreme points, it follows from Proposi-
tion 8 that they are attained when the levels of the focal sets are as large as possible.
Taking into account the correspondence with an optimal type-2 possibility measure
in Equation (11) and Equation (14), we obtain

i 1 forj=1,....m
! m forj=m+1,...,n+m—1,

and then Equation (12) means that the associated number of extreme points is
m(1+m)n—22m, |



