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ABSTRACT ARTICLE HISTORY
Given a number of imprecise probability models, we aim at aggre- Received 1 October 2025
gating them into a joint one using an aggregation rule such as Accepted 1June 2026
the conjunction, disjunction, convex mixture, Pareto, conjunction- KEYWORDS
disjunction or maximal consistent subsets rules. We focus on the Belief pooling; 2-monotone
problem of analysing if these operators are closed, in the sense that capacities; p-boxes;

the output belongs to the same family as the inputs. Specifically, we comparative probabilities;
analyse this problem for the family of comparative probabilities, 2- probability intervals
monotone capacities, probability intervals, belief functions, p-boxes

and minitive measures.

1. Introduction

The problem of belief aggregation appears naturally in contexts where the information is
coming from different sources, or when different experts provide their input on the uncer-
tainty. The second of these scenarios is often linked to subjective assessments, and in those
cases it may be more reliable to model the uncertainty using an imprecise model. This leads
to the problem of aggregating imprecise probabilities, that adds some layers of difficulty to
that of belief pooling.

Building on the work carried out in Bradley (2019), Destercke, Dubois, and Choj-
nacki (2009), Dubois et al. (2016), Moral and del Sagrado (1998), Stewart and Quin-
tana (2018) and Walley (1982), in Miranda, Salamanca, and Montes (2025) we tackled the
problem of aggregating coherent lower previsions. Specifically, we compared six different
rules: the conjunction, disjunction, convex mixture, Pareto, conjunction-disjunction and
the maximal consistent subsets rules, and our comparison was made in terms of twenty
different rationality criteria, based on the earlier works in the aforementioned references.

While coherent lower previsions are undoubtedly interesting, they are not the only
mathematical model that has been proposed to deal with imprecise information;
we may for instance consider Choquet capacities (Choquet 1953-1954), belief func-
tions (Shafer 1976), probability intervals (de Campos, Huete, and Moral 1994) or possibility
and necessity measures (Dubois and Prade 1988). These models differ from each other
in their mathematical properties and, in some cases, in the underlying interpretation
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attached. Their different features make them intrinsically interesting, to the point that we
may focus on any of these families as our uncertainty model.

Should we decide to model imprecision by means of one of these models, the prob-
lem of aggregation must be reconsidered, and some of the rationality axioms we dis-
cussed in Miranda, Salamanca, and Montes (2025) may have to be adapted. For instance,
in Miranda, Salamanca, and Montes (2025) we considered as a basic requirement that the
output of the aggregation of a finite number of coherent lower previsions should again be
a coherent lower prevision; but if we model our uncertainty in terms of belief functions, it
would make sense to impose that their aggregation should be a belief function too. There
are two main reasons for this: on the one hand, there are some specific mathematical advan-
tages of some of the models, that we may want to preserve through the aggregation; but also
from a conceptual point of view, if for instance we work in the realm of belief functions and
give an evidential interpretation to our uncertainty, this interpretation should carry on to
the aggregated model.

In this paper, we consider a finite possibility space and analyse the aforementioned
aggregation rules for a number of imprecise probability models: comparative probabili-
ties (de Finetti 1931; Koopman 1940), 2-monotone capacities (Choquet 1953-1954), prob-
ability intervals (de Campos, Huete, and Moral 1994), belief functions (Shafer 1976), mini-
tive measures (Zadeh 1978) and probability boxes (p-boxes, for short) (Ferson et al. 2003).
We shall investigate which of the aggregation procedures is a closed operator within each
of these families, and in some cases provide sufficient conditions for this to be the case.
This should assist the practitioner in the choice of an aggregation rule or of an uncertainty
model.

The paper is organised as follows: after recalling in Section 2 the imprecise probability
models of interest and in Section 3 the aggregation rules that shall be analysed in this paper,
we proceed to study whether they are closed for comparative probabilities Section 4, 2-
monotone capacities Section 5, probability intervals Section 6, belief functions Section 7,
minitive measures Section 8 and p-boxes Section 9. Finally, a comparison of the results
obtained and some additional discussion are given in Section 10.

A preliminary version of this paper was presented at the ISIPTA 2025 confer-
ence (Miranda, Salamanca, and Montes 2025). This extended version differs in a number
of ways: on the one hand, we analyse the problem of aggregation for any finite num-
ber of models, and not necessarily two; secondly, we incorporate into our study the
conjunction-disjunction and maximal consistent subsets rules; thirdly, we discuss in detail
the preservation of the properties from events to gambles; fourthly, we give detailed proofs
and not only sketch of proofs; and finally, we expand some of the comments and results
presented in the conference version.

2. Imprecise probability models

Let X be a finite possibility space of cardinality #, and denote by P(&X) the set of proba-
bility measures on P(X). Following Walley (1991), a real-valued function f : X — R is
called gamble and the set of all gambles is denoted by £(X"). We will use P(f) to denote the
expectation of the gamble f with respect to the probability measure P € P(&X). As partic-
ular cases of gambles, we have the indicator functions I4 of subsets A of &, that take the
value 1 on A and 0 on A“.
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A lower prevision is map P: K — R, where K C L(X). It determines a (possibly
empty) closed and convex set of probability measures, called credal set, by

M(®) = (P e P(X) : P(f) > () Vf  K).

The lower prevision is said to avoid sure loss when M (P) # @ and it is called coherent when
P(f) = min{P(f) : P € M(P)} for every f € K. A lower prevision has a conjugate upper
prevision P given by P(f) = —P(—f) for any f such that —f € K.

Conversely, any closed and convex non-empty set of probability measures M deter-
mines a coherent lower prevision P : £(X) — R by

P(f) :=inf{P(f) : P e M} V[ e L(X).

Any coherent lower prevision P defined on a set of gambles K can always be extended to
L(X) using the natural extension:

E(f) = min{P(f) : P M(P)} V¥f € L(X), M
which satisfies P(f) = E(f) for any f € K and M(P) = M(E).

In the remaining of this section we present the particular families of lower previsions
that will be considered in Sections 4-8.

2.1. Comparative probabilities

The first model we consider in this paper is that of comparative probabilities (de
Finetti 1931; Walley and Fine 1979) made on singletons!, a model thoroughly analysed
in Miranda and Destercke (2015).

ConsiderasetC C X' x X, where each pair (x;, xj) € C is interpreted as “the probability
of x; is at least as large as that of x;”. These assessments can be represented by the lower
prevision P defined on K = {I, — L : (xi,x;) € C} by:

}_)(Ix,' - IXj) =0 Vv (Xl‘,Xj) eC. (2)

Therefore, P is constant and equal to 0 on IC. P is called the comparative probability
determined by C and its credal set can be expressed as:

M(P) = (P& P(X) : P, — L) = Pl — L) = 0V (x;,)) € C}
= (P € P(X) : P({xi}) > P} ¥ (xi,) € C), 3)

noting that P(Iy, — L) = P(Iy,) — P(Ixj) = P({xi}) — P({x;}).

The credal set M (P) above is non-empty because the uniform probability distribution
is compatible with any set C of pairwise comparisons. As a consequence, any comparative
probability determines a coherent lower prevision. Moreover, when C = § it holds that
M(P) = P(X).

The natural extension of the comparative probability P determined by C is the coherent
lower prevision that is the lower envelope of the credal set M (P) given in Equation (3), as
explained in Equation (1). When dealing with comparative probabilities, and for the sake
of simplicity, we keep the same notation P for the natural extension.
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2.2. 2-monotone capacities

A capacity, also called fuzzy measure or lower probability in the literature (see for
instance Grabisch 2016), is a function P : P(X) — [0, 1] that is normalised (P(#) = 0 and
P(X) = 1) and monotone increasing (A C B implies P(A) < P(B)). Its conjugate capac-
ity, denoted by P, is defined by P(A) = 1 — P(A®) for any A C X. The reason for using
the notation P and P is that a capacity and its conjugate can be interpreted respectively
as a lower and an upper prevision defined on indicators of events L = {I4 : A C X'},
identifying P(A) = P(I4) and P(A) = P(I). Hence, the notions of avoiding sure loss
and coherence apply as well to capacities. In particular, any coherent capacity satisfies
superadditivity, meaning that P(A U B) > P(A) + P(B) for any pairwise disjoint A, B C X.
A capacity P is called 2-monotone, or supermodular, when it satisfies

P(AUB)+P(ANB) > P(A)+P(B) VABCAX. (4)

A 2-monotone capacity is always coherent. Moreover, while not every coherent capacity
is 2-monotone, both concepts are equivalent when &’ is of cardinality three (de Cooman,
Troffaes, and Miranda 2008).

2.3. Probability intervals

Probability intervals are one particular case of 2-monotone capacities; they are determined
by lower and upper bounds on the probability of singletons. Specifically, we consider a set of
intervals Z = {[l;,u;] : i =1,...,n} where; < u;and [I;,4;] C [0,1] foranyi=1,...,n,
and the credal set

(PePX):; <P(x}) <uVi=1,...,n}.

Whenever this set is non-empty, which holds if and only if > | ; <1< > | u; (see
e.g. de Campos, Huete, and Moral 1994, Equation (2)), taking lower and upper envelopes
on events we obtain a coherent capacity P and its conjugate P given, for any A C X, by

P(A) = max Zl,-,l—Zu,- , P(A) = min Zui,l—Zli ) (5)

Xi€A xi¢A xi€A XigA

We refer to P as the probability interval determined by Z. Moreover, the probability interval
is called reachable when the capacity P and its conjugate P satisfy P({x;}) = l;and P({x;}) =
u;forany i = 1,..., n. Probability intervals were quite thoroughly studied in de Campos,
Huete, and Moral (1994), where it was shown that reachable probability intervals are also
2-monotone.

2.4. Belief functions

We focus next on another particular case of 2-monotone capacities: belief functions. A
capacity P is k-monotone if it satisfies:

P(ULA) > X CDIPOGA) VAL L ACX, (O
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and it is called belief function when it is k-monotone for any k € N. We refer to Shafer (1976)
for a thorough study of belief functions, and to Dempster (1967) for their connection to
random sets. They can be characterised by their M6bius inverse 1, given by

m(A) = > (~D"VIPB) vACx
BCA

through the formula

P(A) =D mB) YACX. (7)
BCA
While the Mobius inverse and the relationship in Equation (7) hold for any capac-
ity P, belief functions stand out because for them m(A) > 0 for every A C X and
> acx m(A) = 1,50 m can be regarded as a probability mass function on the subsets of X’;
this is the basis of the evidential interpretation (Shafer 1976). The focal elements are those
events A for which m(A) > 0, and the set of focal elements is denoted by F.

2.5. Minitive measures

Minitive measures are a particular case of belief functions. They are those capacities P
satisfying

P(AN B) = min{P(A),P(B)} VABC X.

They correspond to belief functions whose focal elements are nested. Indeed, it is also
possible to characterise the focal elements as those sets A such that P(A) > max{P(B) :
B C A}.

The conjugate upper probability of a minitive measure is called maxitive, and satisfies
P(A U B) = max{P(A), P(B)} for every A,B C X.

An example of minitive measure is the so-called vacuous model on an event V C X,
given by:

1, if VCA,
Py(4) = {0, otherwise. ®

It corresponds with a belief function with only one focal event: m(V) = 1 and m(A) =0
for any other A # V, and its credal set M (P) is formed by the probability measures P
satisfying P(V) = 1.

2.6. p-boxes

The final family we consider in this paper are probability boxes, or p-boxes for short.
These correspond to models that are determined by the lower and upper probabilities of
the cumulative events. Assume then that the possibility space X = {x1, ... .x,} is ordered,
X1 < X2 < ... < Xp.Any pair (F, F) of ordered (F < F) cumulative distribution functions
F,F: X — [0,1] (F(x,) = F(x,) = 1) determine a credal set by

M(E,F) ={PeP(X): F(xj) < Fp(x;)) < F(x))Vi=1,...,n},

where Fp denotes the cumulative distribution function associated with P. A capacity P
is called a p-box if there exists (F, F) such that M(P) = M(F, F). In such case, P is a
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belief function whose focal elements are ordered intervals, in the sense that (Troffaes and
Destercke 2011)

[a,b] < [¢,d] ©®a<candb < d. 9)

Note that any coherent capacity P, and its conjugate P, determines a pair (F, F) by
E(xl) = B({xl’ e ’xi})’ F(xl) = ﬁ({xl) LRCIEY )xi})) v 1 = 1) LI ] n.

However, in general M (P) C M (F, F), and the equality will hold if and only if P is a belief
function whose focal elements are ordered intervals. We refer to Ferson et al. (2003); Trof-
faes and Destercke (2011) for some seminal studies on p-boxes.

3. Aggregation rules

After presenting the uncertainty models of interest, we are now ready to introduce the
aggregation problem. Consider a group of m experts, each of them modelling the uncer-
tainty about the experiment using a coherent lower prevision on £(X’). An aggregation
procedure aims at determining another lower prevision on £(X) summarising the global
opinion of the group. In our formal definition of an aggregation rule, we shall denote
by P(X) the set of lower previsions on X and by P’(X’) the subset of coherent lower
previsions.

Definition 3.1: An aggregation rule on coherent lower previsionsisamap A : (P'(X))" —
P(X).

In what follows, and to ease the notation, we will simply write A instead of
A(P,,...,P,) when no confusion is possible.
The aggregation rules we shall analyse in this paper are the following?:

Conjunction (A¢) It corresponds (Destercke, Dubois, and Chojnacki 2009; Wal-
ley 1982) to the natural extension of the lower prevision max;—; P, given, for

any f € L(X), by

k

Ac(f) =ﬁsuj€,k"i£§( [f(x) - Z (f,(x) - '=r11'1axmBj(f,-))) (fie L(X),i= 1,...,k] ,

i1 Vv VUThes

.....

where the supremum is taken over all f1,. .., fx € £L(X) and k € N. Its credal set
can be expressed as M(Ac) = M(P,)N...NM(P,,). Therefore, the conjunc-
tion rule is a coherent lower prevision if, and only if, M(P)) N ... N M(P,,) is
non-empty or, equivalently, if max;—,_,, P; avoids sure loss.

Disjunction (Ap) It gives (Destercke, Dubois, and Chojnacki 2009; Walley 1982)
Ap(f) = min{P,(f), ..., P,,(f)} for any gamble f € L(X'). This rule is called con-
vex pooling in Stewart and Quintana (2018). Its credal set can be expressed by
M(Ap) = CH(M(P)) U...UM(P,,)), where CH denotes the convex hull.
Convex mixture (Ays) Given fixed a,...,a,, > 0 satisfyinga; + ...+ a, =1,
the convex mixture aggregation rule gives (Destercke, Dubois, and Chojnacki 2009;
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Walley 1982)

Au(f) = D aPi(f), Ve LX),
i=1

This rule is called linear opinion pooling in Stewart and Quintana (2018). Its credal
set can be expressed by:

aM@)d...danM(EP,)
= {0(1P1 +...+auPy,: P e M(Bi)Vi= 1,...,m},

where @ represents the Minkowski sum. In what follows, we shall assume w.l.o.g.
that all the weights a; are strictly positive to include in the aggregation all the m
sources.

Pareto (Ap) The Pareto rule (Walley 1982) aggregates the models in the following
lower prevision:

,,,,,

Conjunction-Disjunction (CD) rule (Acp) This rule applies the conjunction
rule when it leads to a coherent lower prevision (that is, when the lower previ-
sion max;—;, , P; avoids sure loss) and the disjunction rule otherwise (Dubois
etal. 2016).

Maximal consistent subsets (MCS) rule (Ap;cs) A set of indices I C {1,...,m}is
a maximal consistent subset if N;cr M (P;) # @, or equivalently if max;es P; avoids
sure loss, and it is maximal with this property. Given I, . .., I the maximal con-
sistent subsets, this rule gives rise to the coherent lower prevision that is the lower
envelope of the credal set:

,,,,,

k
M=cH [ ME®@)

j=1 i€l

Equivalently, this rule applies the conjunction to the maximal consistent subsets
and then aggregates them using the disjunction rule.

We refer to Bradley (2019), Dubois et al. (2016), Moral and del Sagrado (1998), Stewart
and Quintana (2018) and Walley (1982) for a deeper discussion of the rationality under-
lying these rules. Some of them are more appropriate from the perspective of probabilistic
opinion pooling, while others are more interesting from the point of view of consensus
seeking. See also (Miranda, Salamanca, and Montes 2025) for a thorough discussion of
these rules in the context of coherent lower previsions. In particular, in this reference it
was shown that the Pareto rule need not give a coherent lower prevision as an output, that
the conjunction rule does so if and only if the maximum of the inputs avoids sure loss
and that the other rules always provide a coherent lower prevision. That the conjunction
rule does not always give a coherent lower prevision is the motivation for the conjunction-
disjunction and the MCS rules, that try to follow the ideas underlying the conjunction rule
while taking into account the presence of conflict.
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It is worth mentioning that convex mixtures are strongly related to the approach based
on eventwise aggregations of capacities. Given m capacities u, . . . , m, this approach con-
siders consensus functions C4 : [0,1]™ — [0, 1] forany A C X, which ideally satisfy some
sort of idempotence property, and defines the aggregate capacity as C(u1, ..., tm)(A) =
Ca(u1(A), ..., um(A)) for any A C X. The consensus approach has been widely inves-
tigated for necessity and possibility measures (Dubois and Prade 1990), belief func-
tions (Wagner 1989), capacities (Bronevich 2005, 2007) or the general class of decompos-
able measures (Dubois et al. 1996). When the function Cy4 is given by Ca(t1, ..., tn) =
a1ty + ...+ amty, for every A C X for some ay,...,a, € [0,1] such that a1 + ...+
o, = 1, we recover the convex mixture rule. In this work, we focus on convex mixtures
rather than eventwise aggregations; this has the advantage of being applicable also to coher-
ent lower previsions or credal sets, and as a consequence to models that are not necessarily
defined by their values on events.

Also, the aim of the CD and MCS rules is to find an alternative to the conjunction rule
when the sources of information are incompatible. On the one hand, the CD rule applies
the conjunction whenever all the sources are compatible, while it applies the disjunction
otherwise. On the other hand, the MCS rule applies the conjunction to all the maximal con-
sistent subsets, and later applies the disjunction to the resulting credal sets. In the literature,
other approaches to the conjunction rule for conflicting credal sets have been proposed; an
interesting summary can be found in Bronevich (2025). One of the main alternatives is the
use of generalised credal sets, as suggested by Bronevich and Rozenberg (2015b, 2018), or
distortion-based methods using the total variation distance (Nieto-Barba, Miranda, and
Montes 2026). Moreover, this problem has also been addressed in the particular case of
belief functions, where a distance-based approach has been proposed (Klein, Destercke,
and Colot 2018), and where the approach by Bronevich and Rozenberg (2019) is also
applicable.

We are now ready to tackle the problem that is our focus in this paper: given a number of
coherent lower previsions that belong to one of the families in Section 2, does the aggregate
model determined by the rules in this section belong to the same family?

4. Comparative probabilities

The first model we consider is that of comparative probabilities on singletons. Let us denote
by Py, ..., P,, the comparative probabilities determined by Cj, ..., Cp, respectively. As
explained in Section 2.1, each comparative probability Py, for k € {1, ..., m}, is defined on
the domain Ky = {Iy; — I : (xi,x;) € Cx}, meaning that the domains of P, ..., P,, may
be different. However, as explained in Section 2.1, we may take their natural extensions,
that for the sake of simplicity will also be denoted by Py, ..., P,,, and that are defined on
L(X). In this manner, all the coherent lower prevision Py, ..., P, are defined on the same
domain.

The aggregation of comparative probabilities has partly been considered in Miranda and
Destercke (2015, Section 4.5); in this section, we complete the analysis.
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4.1. Conjunction

As we mentioned in Section 3, the conjunction rule gives a non-coherent lower prevision
when the intersection M(P;) N - - - N M(P,,) is empty. However, this shall not be the case
in the context of comparative probabilities, given that the uniform probability distribution
is always compatible with a comparative probability on the singletons.

As a consequence, the conjunction A is always coherent. It was established in Miranda
and Destercke (2015) that it is moreover associated with a comparative model.

Proposition 4.1 (Miranda and Destercke 2015, Proposition 9): LetP,, ..., P, be compar-
ative probabilities determined by C, ..., Cp, respectively. Then, their conjunction Ac is the
comparative probability determined by Cy U ... U C,,.

4.2. Disjunction

As shown in Miranda and Destercke (2015, Example 7), the disjunction of a finite num-
ber of comparative probabilities need not be a comparative probability. Nevertheless, it is
possible to give a necessary and sufficient condition for the disjunction to be within this
family, inspired by the work in Miranda and Destercke (2015).

Theorem 4.2: Let P, ..., P, be comparative probabilities determined by Ci, ..., Cp,
respectively, and let Ap denote their disjunction.

(i) If P denotes the comparative probability determined by®> C1 N ... N Cpy, then:
M(Ap) =CH (M@P)U...UuM(,)) C M(P).
(i) As a consequence, the disjunction Ap is a comparative probability if and only if:

CH (M@P)U...UM(P,)) = M(P).

Proof: (i) This has been established in Miranda and Destercke (2015, Proposition 10).

(ii) Since trivially the equality CH(M(P;) U ... U M(P,,)) = M(P) implies that the
disjunction is a comparative probability, it suffices to establish the converse.

Assume then that Ap is a comparative probability induced by some set of comparisons
CY C X x X,andletus prove that CY = C; N ... N Cy.

On the one hand, if (x;, xj) € CY then P({x;}) > P({x;}) forany P € CH(M(P)) U ... U
M(P,))). From (i), it follows that P € M(P) and as a consequence that (x;,x;) € C1 N
..NChye

Conversely, if (x;, xj) € Cin...NC,, then:

P(fxi}) = P({xj}) VP e M(Py), k=1,....m

implying that P({x;}) > P({xj}) for any P e M(P))U...UM(P,). Now, take P €
M(Ap) =CHM(P)) U...UM(P,)). Then, there exist a € [0,1] and Py € M(P})
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fork=1,...,msuchthat >’  ax =1and P =Y [ | axPx. Thus,

P({xi}) = D" axPe(fxi}) = D~ axPilixi}) = P{x;}),

k=1 k=1

meaning that (x;, xj) € cV. [ |

The first item of this result tells us that the comparative probability determined by
CiN...NCy is an outer approximation of the disjunction Ap in the family of compar-
ative probabilities®. In fact, it is not difficult to show that it is the only undominated® outer
approximation:

Corollary 4.3: Let Py, ..., P, be comparative probabilities determined by C, ..., Cp,
respectively. Then, the comparative probability P determined by C; N ... N C,y, is the unique
undominated outer approximation of the disjunction Ap in the family of comparative
probabilities.

Proof: Let P* be another comparative probability, determined by C*, that outer approxi-
mates the disjunction Ap. Consider (x;, xj) € C*, then:

P({xi}) = P({xj}) VP e M(P),

meaning that in particular P({x;}) > P({x;}) holds for any P € M(P;) and any k =
1,...,m. Hence, (x;,x)) € C; N ... N Cp. We conclude that C* € C; N ... N Cy, and con-
sequently P > P*. [ |

4.3. Convex mixtures

Let us start showing a simple but useful property of comparative probabilities.

Lemma4.4: Let P be a comparative probability determined by C. If (x;, x;) & C, then P(Iy; —
Ix].) < 0.

Proof: Any comparative probability can be represented using a graph G where the nodes
are the elements in X and we add an edge between x; and xj when (x;, xj) € C; see (Miranda
and Destercke 2015) for more details. Let H(x;j) be the set of ancestors of x;j, which satis-
fies x; ¢ H(xj) and H(H(xj)) = H(xj). According to Miranda and Destercke (2015), the
probability measure defined by:

1
. if 9,
Pix)) = L HGp TS Heg)

0, otherwise,

belongs to M (P), hence:

P(Iy, — L)) < P, — L) = P({xi}) — P({x}) = 0 — <0

|H (x))]
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Using this property we can give the form of the set of comparisons when the convex
mixture is a comparative probability.

Proposition 4.5: Let Py, ..., P, be comparative probabilities determined by Cy, ..., Cp,
respectively. Consider their convex mixture Ay with weights a1, ..., a, € (0,1). If Ay is a
comparative probability, then it is determined by CM = Cy N ... N Cy,.

Proof: On the one hand, if (x;x) € C1N...NCy, then P({x;}) > P({x;}) for any
P e M(P,) and any k = 1,...,m. Given a probability measure P € a; M(P,)) & ... D
amM(P,,), there are Py € M(Py) such that P = >} | axPy. This implies that

m m
P({xi}) = D axPr({xi}) = D awPil{x;}) = P({x;}),
k=1 k=1
meaning that (x;, xj) € CM. This implies C; N ... N C,, C CM.
On the other hand, if (x;, xj) € CM, this implies that

m
0= P —I) = D axPi(ly, — L. (10)
k=1

If (xi, %)) ¢ C1 N ... N Cp, then there is some k such that (x;, x;) ¢ Cx, whence Py (I, —
Iy) <0 from Lemma 4.4; since for any k' # k it is P (I, — I;) < 0, we conclude that
Equation (10) is violated. Therefore, CM=Cn...NnCy. [ |

From Proposition 4.5 and the results in the previous subsection we deduce that the
convex mixture is a comparative probability just in very particular scenarios.

Corollary 4.6: Let P|, ..., P, be comparative probabilities determined by C, ..., Cp,

respectively. Consider their convex mixture Ay with weights ay,...,a, € (0,1). Ay isa
comparative probability if and only if C; = ... = Cy,.

Proof: On the one hand, if C; = ... = C,,, we trivially obtain M(P,) = ... = M(2,,),
henceP, =... =P, = Aum.

On the other hand, if the convex mixture is a comparative probability, then by the pre-
vious proposition it is determined by the set of comparisons C; N ... N Cy,. Also, we have
the following inclusions:

M(Ap) 2CH (MP)HU...UM(P,))
D2uaMP) ... anMP,) = M(Ay)

where the first inclusion comes from Theorem 4.2. We deduce that the disjunction coin-
cides with the convex mixture, but this is only possible if M(P,) =... = M(P,,) or,
equivalently, if C; = ... = Cy,. [ |

We therefore conclude that, whenever the comparative probabilities to be aggregated
are different, the convex mixture will not be a comparative probability. On the contrary,
when all the comparative probabilities coincide, the convex mixture coincides as well with
the initial models and also with the disjunction and conjunction.
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4.4. Pareto

As discussed before, the intersection of the credal sets of comparative probabilities is non-
empty. It follows then from Miranda, Salamanca, and Montes (2025, Proposition 7.1) that
the Pareto rule is given by:

Ap(f) = max P(f) Vf e LX), (11)

From this condition we obtain the set of comparisons determining its credal set when the
Pareto rule gives rise to a comparative probability.

Proposition 4.7: Let Py, ..., P, be comparative probabilities determined by Cy, ..., Cp,
respectively. If the Pareto rule Ap is a comparative probability, then it is determined by C¥ =
CiU...UCp.

Proof: If (x;,x)) € CP, then 0 = Ap(I,, — I;) = max=1, m Px(Iy, — Ly), which implies
that (x;, xj) € Cx forsome k = 1,.. ., m, because according to Lemma 4.4 P (I, — Iy) <0
when (x;, x;) ¢ Cj. Thus, ctccu...uCp.

Conversely, if (x;, xj) € C1 U ... U Cpy, we get that Py (I, — Iy) =0 whenever (x;, xj) €
C and it is smaller than zero otherwise. Then:

Ap(Ly; — Iy) = max Pi(Iy —Iy) =0,
k=1,...m
meaning that (x;, xj) € cP. [ |

From this result we easily deduce that the Pareto rule gives rise to a comparative
probability if and only if it coincides with the conjunction.

Corollary 4.8: Let Py, ..., P, be comparative probabilities determined by Cy, ..., Cy,, respec-
tively. Then, the Pareto rule Ap is a comparative probability if and only if it coincides with
the conjunction rule Ac.

Proof: If Ap coincides with the conjunction Ag, it is a comparative probability from
Proposition 4.1. Conversely, if Ap is a comparative probability, then from Proposition 4.7
Ap is determined by the set of comparisons C; U . .. U Cp,, which is the set of comparisons
that corresponds to the conjunction Ac. |

We also deduce that if Ap is a comparative probability, the expression of Ap given in
Equation (11) is a coherent lower prevision.

4.5. Conjunction-disjunction and MSC

As already mentioned, the intersection of the credal sets of comparative probabilities
is never empty because the uniform distribution is compatible with any comparative
probability assessment on the singletons. This implies in particular that the conjunction-
disjunction rule becomes the conjunction rule that, as shown in Proposition 4.1, is again a
comparative probability.
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The same argument leads to the equality between the MCS and the conjunction
rule, since there will always be a unique maximal consistent subset, given by {1,..., m}.
Therefore, when working with comparative probabilities, the maximal consistent subsets,
conjunction-disjunction and conjunction rules all give the same output.

5. 2-monotone capacities

In the next sections we centre our attention on specific families of capacities. Since capac-
ities are evaluated on (indicators of) events, and not on the set L(X) of all gambles, we
shall focus also on the restriction of the aggregated model A. to (indicators of) events, and
use the notation A. (B) instead of .A. (I) for simplicity.

We start considering the case of 2-monotone capacities Py, ..., P,,.

5.1. Conjunction

In general, the conjunction of two 2-monotone capacities need not be 2-monotone: it
suffices to observe that any probability measure is 2-monotone and take two different
probability measures P; # P, given that if the maximum of a number of coherent lower
previsions does not avoid sure loss then the procedure of natural extension gives E(f) =
+oo0 for any gamble f € L£(X') (Walley 1991, Section 3.1.1).

For a less trivial example where max{P;, P, } avoids sure loss and therefore the conjunc-
tion produces a coherent lower probability, consider the following:

Example 5.1: Consider X' = {x1, X2, x3,x4} and let P, and P, be the coherent capacities
given in the following table, that also gives the values of max{P;, P, }:

A Py PyA)  max{P(A), Py(A)}
xa} 0.25 0.25 0.25
%} 0.25 0.25 0.25
(3} 0 0 0
{xa} 0 0 0
X1, %2} 0.5 0.5 0.5
{x1,%3} 0.5 0.25 0.5
{X],X4} 0.25 0.5 0.5
(X2, %3} 0.25 0.5 05
(X2, Xa} 0.5 0.25 0.5
{X3, X4} 0 0 0
X1, %2, X3} 0.75 0.75 0.75
(X1, %2, Xa) 0.75 0.75 075
{X],X3,X4} 0.5 0.5 0.5
{Xz,Xg,X4} 0.5 0.5 0.5
{x1,x2,x3, X4} 1 1 1

It can be verified that both P,, P, are 2-monotone. On the other hand, max{P;, P,}
is coherent, since it is the lower envelope of the probability measures with mass func-
tions (0.25, 0.25,0.25,0.25) and (0.5, 0.5, 0, 0), and thus coincides with the conjunction A¢.
It follows that Ac({x1,x2,x3}) + Ac({x3}) = 0.75 < 1 = Ac({x1,x3}) + Ac({x2, x3)}),
meaning that Ac is not 2-monotone.
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In spite of this, and inspired by Miranda, Troffaes, and Destercke (2015, Proposition 7), it
is possible to obtain a sufficient condition for the conjunction to preserve 2-monotonicity:

Proposition 5.1: Let P,, P, be 2-monotone capacities. If M(P,) U M(P,) is convex, then
Ac is a 2-monotone capacity and Ac = max{P,, P,}.

Proof: Taking into account the characterisation of 2-monotonicity from Walley (1981,
Corollaries 6.4, 6.5), it suffices to establish that for any pair of events A C B there
exists some P > A¢ such that P(A) = Ac(A) and P(B) = Ac(B). Consider then such
events A, B. Since P, is 2-monotone, there exists some P; € M(P;) such that P;(A) =
P,(A) and P;(B) = P, (B); similarly, there is some P, € M(P,) such that P,(A) = P,(A)
and P,(B) = P,(B). Since M(P,) U M(P,) is convex, it follows from Zaffalon and
Miranda (2013, Theorem 6) that there exists some o € [0, 1] such that P := aP; + (1 —
a)P; belongs to M(P;) N M(P,) and therefore dominates Ac. On the other hand,

P(A) < max{P1(A), Py(4)} = max{P; (4), P,(4)} < Ac(4), and
P(B) < max{Py(B), Py(B)} = max{P, (B), P,(B)} < Ac(B),

whence P(A) = Ac(A) and P(A) = Ac(B). Thus, Ac¢ is 2-monotone and moreover
Ac(A) = max{P,(A), P,(A)} for any event A C X [ |

Let us show that this sufficient condition is not necessary:

Example 5.2: On the possibility space X' = {x],x2,x3} consider the following coherent
capacities:

B ) s} Paxad axst {xexs)

PB 016 0 0 04 04 0
PB 015 0 0 05 03 0
AcB 016 0 0 05 04 0

and with 0 and 1 on @ and X, respectively. Since max{P,;, P,} is coherent, by Miranda,
Salamanca, and Montes (2025, Proposition 7) it coincides with the conjunction of P; and
P,. Moreover, since X" has cardinality three, it follows that P;, P, and max{P;, P,} are all
2-monotone.

To see however that M (P,) U M (P,) is not convex, note that

P, = (0.16,0.24,0.6) € M(P,) and P, = (0.15,0.35,0.5) € M(P,)

but P = 0.5P; 4+ 0.5P; ¢ M(P,) U M(P,): it holds that P({x;}) = 0.155 < P,({x;}) and
P({x1,x2}) = 0.45 < P,({x1, x2})-

The condition in Proposition 5.1 does not generalise to more than two models, in the
sense that, given 2-monotone capacities P, ..., P,,, it may be that U ; M(P,) is convex
while A is not 2-monotone. For a counterexample, it suffices to consider P; and P, as in
Example 5.1 and P; the vacuous model on X, given by P;(A) = 0if A # & and P3(X) =
1. In that case, M(P}) U M(P,) U M(P;) = M(P;) = P(X), which is trivially convex;
however, Ac(P,, P,, P3) = Ac(P;, P,), which is not 2-monotone.
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5.2. Disjunction

That 2-monotonicity is not preserved by disjunction follows from the fact that coher-
ent capacities, that are the lower envelopes of a set of probability measures (which are in
particular 2-monotone) need not be 2-monotone. Next, we show an explicit example.

Example 5.3: Consider Walley’s (1981) classical example where P; and P, are the probabil-
ity measures on X' = {x1, X2, x3, x4} associated with the mass functions P; = (0.5,0.5,0,0)
and P, = (0.25,0.25,0.25,0.25). Their disjunction Ap = min{P;, P,} satisfies:

Ap({x1, %3, x4}) + Ap({x1}) = 0.75 < 1 = Ap({x1, x3}) + Ap({x1, x4})

meaning that Ap is not 2-monotone.

Nevertheless, it is still possible to establish the following sufficient condition for Ap to
preserve 2-monotonicity:

Proposition 5.2: Let P, be a 2-monotone capacity and P, be the vacuous model on a fixed
event V C X given by Equation (8). Then, Ap is a 2-monotone capacity.

Proof: 1t follows from the definition of the disjunction rule that

P(A), if VCA,

0, otherwise.

Ap(A) = {

Let us prove that it satisfies Equation (4). Given events A, B C X, we have the following
possibilities:

o IfV ;(_ A, then

AD(A U B) + .AD(A N B) — .AD(A) — .AD(B) = .AD(A UB) >0

where the inequality follows from the monotonicity of Ap. A similar result can be
established if V ¢ B.
e Ifon the otherhand V C A and V C B, then also V C A N B, whence

Ap(AUB) + Ap(ANB) — Ap(A) — Ap(B)
=P, (AUB)+P;(ANB) —P(A) — P;(B) > 0,

taking into account that P, is 2-monotone.
[ |

A number of comments are in order. First of all, while the vacuous model on a fixed event
is a minitive measure, this result does not generalise to arbitrary minitive measures, in the
sense that the disjunction of a 2-monotone capacity and a minitive measure need not be 2-
monotone; a counterexample is our Example 7.2 later on. Secondly, while Proposition 5.2
only considers two models, the result can be easily extended to a finite number of them, in
the following manner:
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Corollary 5.3: Let Py be a 2-monotone capacity and let Py, , ..., Py be the vacuous models
on the respective events Vs, ..., Vy, determined via Equation (8). Then, their disjunction Ap
is a 2-monotone capacity.

Proof: Reasoning as in Proposition 5.2, the disjunction of Py, Py, ..., Py, satisfies

P(A), ifV,U...UV,CA
0, otherwise.

Ap(A) = [

As a consequence, Ap coincides with the disjunction of P, and Py, y, ., where
Py,u..uv,, is the vacuous model on V2 U... U V3. Applying Proposition 5.2, we deduce
that Ap is a 2-monotone capacity. |

5.3. Convex mixtures

Like coherence (Walley 1991, Theorem 2.6.4), 2-monotonicity is preserved by convex

mixtures®:

Proposition 5.4: Let P|,...,P,, be 2-monotone capacities. Consider their convex mixture
Ay with weights ay, ..., oy € (0,1). Then, Ay is also a 2-monotone capacity.

Proof: Let A,B C X. It holds that:

AM(AUB) + Ay(ANB) = D" axP(AUB) + D axPy (AN B)
k=1

=~
—

ak (P(AUB) + P (AN B)) > D" ax (Pe(A) + Py(B))
k=1

M= 1M

akP(A) + D~ axPy(B) = Am(A) + Au(B),
k=1

>\~
Il
—

from which we conclude that A, is 2-monotone. |

5.4. Pareto

From Miranda, Salamanca, and Montes (2025, Proposition 7), when max{P,, P,} avoids
sure loss it coincides with the output of the Pareto rule; however, this capacity need not
be coherent (that is, it need not coincide with the result of the conjunction rule), and as
a consequence it need not be 2-monotone either. For an explicit example on a space of
cardinality three, we refer to Miranda, Salamanca, and Montes (2025, Example 3).

5.5. Conjunction-disjunction and MCS

Considering that neither the conjunction nor the disjunction procedures preserve 2-
monotonicity, we deduce immediately that the conjunction-disjunction procedure does
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not do it either; given that, as established in Miranda, Salamanca, and Montes (2025), it pre-
serves coherence, we can trivially establish that it will also preserve 2-monotonicity when
the possibility space has cardinality three, simply because in that case coherence is equiv-
alent to 2-monotonicity. However, this property does not hold for higher cardinalities, as
can be shown in Example 5.3, where the Acp rule coincides with Ap since max{P;, P,}
does not avoid sure loss, and none of them is 2-monotone.

In addition, since the MCS rule agrees with the CD rule when we only aggregate two
models, the comments made about the previous rule allow us to immediately establish
that 2-monotonicity is not preserved by the MCS rule in general. We also deduce that it
will do so if the possibility space has cardinality three, given that in that case coherence is
equivalent to 2-monotonicity. The counterexample mentioned in the previous paragraph
shows that this does not extend to higher cardinalities.

6. Probability intervals

In this section we consider reachable probability intervals Py, ..., P,,, determined by 7,
.o+> L, respectively, where 7; = {[li-, ui-] ii=1,...,n}.

6.1. Conjunction

The same comments made for the conjunction of 2-monotone capacities allow us to deduce
that the family of probability intervals is not closed under conjunction, simply because
the conjunction may not be coherent (i.e. the intersection of their respective credal sets
may be empty), and therefore it would not be reachable; for this, it suffices to take into
account that probability measures are particular cases of reachable probability intervals,
and take two different probability measures P; # P,. It was proven in de Campos, Huete,
and Moral (1994, Proposition 7) that given two reachable probability intervals deter-
mined by Z; = {[lil,uil] :i=1,...,n}and 7, = {[liz,u%] :1=1,...,n}, their credal sets
are compatible, i.e. they have a non-empty intersection, if and only if:

I'<uland? <ul Vi=1,...,n and

n n
Zmax{lil,liz} <1< Zmin {u,-l,u%}.
i=1 i=1

When two reachable probability intervals are compatible, de Campos et al. proved that the
conjunction is again a reachable probability interval:

Proposition 6.1 (de Campos, Huete, and Moral 1994, Proposition 8): Let P, and P, be two
compatible reachable probability intervals determined by T = {[I},u}]:i=1,...,n} and
I, = {[lf, uiz] :i=1,...,n}, respectively. Then, their conjunction Ac is again a reachable
probability interval determined by Ic = {[I¢,u¢] : i = 1,...,n}, where:

I =max { 1,21 - Zmin {u},uf} and
A
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uc_mm u u I—Zmax{l lz} Vi=1,...,n
j#i

Iterating this result, and using the symmetry and associativity of the conjunction
rule (Miranda, Salamanca, and Montes 2025), it is not difficult to show that, whenever
a finite number m of reachable probability intervals are compatible, their conjunction is
also a reachable probability interval.

6.2. Disjunction

De Campos et al. also analysed the disjunction of two reachable probability intervals. In
this case, they showed that the disjunction is not a reachable probability interval in gen-
eral (de Campos, Huete, and Moral 1994, Example 1). They also proved that there is a
unique undominated outer approximation of the disjunction using a reachable probability
interval, and that it is determined by de Campos, Huete, and Moral (1994, Proposition 9):

Z = {[min {I}, 2}, max {u},ui}] :i=1,...,n}.

This result goes in line with Montes, Miranda, and Vicig (2018, Proposition 5), where it was
established that any coherent lower probability has a unique undominated outer approxi-
mation using reachable probability intervals, which is determined by the restriction of the
capacity and its conjugate to singletons. The result can be easily generalised to the case
where we take the disjunction of more than two probability intervals.

6.3. Convex mixtures

Given m reachable probability intervals Py, ..., P,, determined by 7y, ..., Z,,, and
weights a1,...,a, € (0,1), we can define another probability interval determined by
1% ={[lu] :i=1,...,n}, where:

(I, u;] = [allil + ...+ amlf”,aluil +...+ amulm]

fori=1,...,n. The following result is a trivial consequence of the convexity of coherent
capacities.

Lemma 6.2: The probability interval T is reachable.

Next, we find a connection between the convex mixture and the probability interval
determined by Z*“.

Proposition 6.3: Let P, ..., P,, be reachable probability intervals determined by 1, ...,
L, respectively. If P* denotes the probability interval determined by I, then it holds that:

aaMP)®...»a,M(P,) C M(P). (12)



INTERNATIONAL JOURNAL OF GENERAL SYSTEMS 19

Proof: Given Py € M(P)),..., Py, € M(P,,), the prevision P = a1 Py + ... + 0,y Py, sat-
isfies:

P({xi}) = arPi(fxi}) + ...+ amPru({x)) = aali + ...+ aml =1;
P({xi}) = a1 P1({xi}) + ... + amPm({xi}) < aluil + ...+ amu;’" = u;,

foranyi = 1,...,n, implying that P € M(P%). |

Nevertheless, the convex mixture of two reachable probability intervals does not coin-
cide in general with 7%, as we show next. In other words, the convex mixture need not
be determined by the capacity and its conjugate of the singletons, and the inclusion in
Equation (12) may be strict. This is illustrated in the following example:

Example 6.1: Consider the reachable probability intervals P; and P, determined by Z;
and 7, given by:

x1 x2 x3 X4
[,uj] [0.1,02] [0.2,03] [0.2,0.3] [0.2,0.3]
[2,uf] [02,04] [02,04] [0.1,03]  [0.1,0.35]
(] [0.15,0.3] [0.2,0.35] [0.15,0.3] [0.15,0.325]

The table above also shows the values of 7% for a; = a; = 0.5. Applying Equation (5), we
get
P, ({x1,x2}) = max {li + 8,1 —u) — ui} = max {0.3,1 — 0.6} = 0.4.
P, ({x1,x2}) = max {l% +2,1— u% - ui} = max {0.4,1 — 0.65} = 0.4.
P*({x1,x}) = max {l; + b,1 — u3 — uy} = max{0.35,1 — 0.625} = 0.375.

Hence, P* ({x1,x2}) # a1P;({x1, x2}) + a2P,({x1,x2}), whence a1 P, + a2 P, is not a prob-
ability interval.

The previous example, together with Proposition 6.3, allows us to deduce that Z* is an
undominated outer approximation of the convex mixture.

Corollary 6.4: Let Py, ..., P, be reachable probability intervals determined by 11, ..., Ly,
respectively. Then, the probability interval P* determined by 1% is an undominated outer
approximation of their convex mixture Ay in the family of reachable probability intervals.

Proof: From Proposition 6.3, Z* is an outer approximation of the convex mixture Ay
Since moreover the reachable probability interval P* determined by Z% coincides with the
convex mixture Ays on singletons, we deduce that it is undominated. |

6.4. Pareto rule

It follows from Equation (11) that, when max;—;, ,, P; avoids sure loss, the Pareto rule
evaluated on events can be expressed as Ap(A) = maxj=1, u P;(A) for any A C X. In
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particular, this produces the following lower and upper bounds on the singletons:
1) — i A () = ; i P
Ap({xj}) = max_ Lo Ap({xj}) = min_ 1 Vi=1,...,n.

Our next example shows that, even in that case, the Pareto rule need not give rise to a
probability interval, because it need not be coherent.

Example 6.2: Consider a four-element possibility space X' = {x1, x5, x3, x4} and the reach-
able probability intervals P; and P, determined by Z; and Z, given by:

X1 X2 X3 X4
I}, uj] 10.05,02] [0.15,04] [0.1,0.2] [0.3,0.5]
2,u?| [0.1,03] [0.1,03] [0.1,0.3] [0.1,0.3]

It holds that max{P;, P,} avoids sure loss because taking P* determined by the mass func-
tion (0.2,0.3,0.2,0.3) we get P*(A) > max{P,(A),P,(A)} for any A C X. However, it is
not coherent, because Ap does not agree with the conjunction Ac: indeed, M(P;) N
M(P,) = {P*} because any probability measure Q in the intersection of these credal sets
should satisfy

Q(x}) < min {u] (x), uf ()} Vji=1,....4,

and Z;-L:l min{ui1 (x))» uf (x))} = 1. From here we deduce that

max {P; ({x3}), P, ({x3}) } = 0.1 < 0.2 = P*({x3}),

Therefore, max{P,, P,} is not coherent, and as a consequence it is not a probability interval.

If on the other hand max{P;, P,} is coherent, then the Pareto rule coincides with the
conjunction, and then it produces a reachable probability interval, as shown in Proposi-
tion 6.1.

Finally, when max{P,, P,} does not avoid sure loss, the Pareto rule on two reachable
probability intervals need not produce another probability interval. For a counterexample,
take (Miranda, Salamanca, and Montes 2025, Example 5): there, max{P;, P,} incur a sure
loss and Ap(Py, P,) is not coherent, and as a consequence not a probability interval either.

6.5. Conjunction-disjunction and MCS

Taking into account the comments in Subsections 6.1-6.2, it is straightforward to see that
the conjunction-disjunction is a reachable probability interval if P, . . ., P,, are compatible
coherent probability intervals. When they are not, it cannot be guaranteed that the CD rule
gives rise to a probability interval, since in that case it would agree with the disjunction.

Similarly, since the disjunction of two reachable probability intervals is not a probability
interval in general, we conclude that the maximal consistent subsets rule gives rise to a
probability interval when all the reachable probability intervals are compatible (because it
would coincide with the conjunction); otherwise, we cannot guarantee that this rule gives
rise to a probability interval.
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7. Belief functions

We focus next on another particular case of 2-monotone capacities: belief functions. We
denote by Py, ..., P,, the belief functions to be aggregated, by mj, ..., m,, their Mdbius
inverses and by F1, ..., F, their sets of focal elements, respectively.

7.1. Conjunction

It is quite straightforward to observe that the conjunction of belief functions is not nec-
essarily a belief function, simply by considering m different probability measures. More
interestingly, even if their associated credal sets are compatible (i.e. if M(P))N...N
M(P,,) # 9, or equivalently if max;—y,_,, P; avoids sure loss), the conjunction rule need
not produce a belief function. For a counterexample, consider the capacities P, and P, in
Example 5.1, that are belief functions in addition to being 2-monotone.

In Proposition 5.1, we established a sufficient condition for the conjunction of 2-
monotone capacities to be 2-monotone. The result does not generalise to belief functions,
as we show next:

Example7.1: Consider the possibility space X = {x1, x2, x3} and let P; and P, be the belief
functions, with Mobius inverses m; and m,, given by:

A P m@) PR m@A)  AcA) mc(A)
x1} 0 0 0 0 0 0
(X2} 0 0 0 0 0 0
{x3} 0 0 0 0 0 0
{(x1,%2} 0.5 0.5 0.5 0.5 0.5 0.5
{x1,x3} 0 0 0.5 0.5 0.5 0.5
{x2,x3} 0.5 0.5 0 0 0.5 0.5
{X1,X2,X3} 1 0 1 0 1 —-0.5

P, and P, are belief functions because m; and m;, are non-negative, and M (P,) U
M(P,) is a convex set taking into account that:

M(@y) = {P € P(X) : P({x1}), P({x3}) € [0,0.5]},
M(P,) = {P € P(X) : P({x1}), P({x2}) € [0,0.5]},

hence:

M(P)) U M(P,) = {P € P(X) : P({x1}) € [0,0.5]}
= CH ({(0, 1,0), (0.5,0,0.5), (1,0,0), (0,0.5,0.5)}) .

Both credal sets M (P,), M (P,) and their union are represented in Figure 1. Hence, A¢c =
max{P,, P,} (its values are reported in the table above) and, applying Proposition 5.1, it is

2-monotone. However, A is not a belief function because its Mobius inverse m satisfies
mc(X) < 0.
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) M(P,)UM(P,)

Figure 1. Credal sets of P, and P, (left hand side) and their union (right hand side).

7.2. Disjunction

Clearly, the disjunction of two belief functions does not produce a belief function in gen-
eral: if it did, any coherent capacity would be a belief function, and we know that this is not
the case.

On the other hand, we shall see in Proposition 8.2 that the minimum of two minitive
measures is again minitive, and as a consequence also a belief function. We may then won-
der if the minimum of a belief function and a minitive measure is again a belief function.
Our next example shows that this is not the case:

Example 7.2: Consider a four-element possibility space X' = {x1, x2, x3, x4} and let P, and
P, be two belief functions with Mobius inverses m; and my, respectively, reported in the
following table:

A P m@A)  PA) m@)  Ap(A)  mp(A)
{x1} 0.1 0.1 0.25 0.25 0.1 0.1
(X2} 0.1 0.1 0 0 0 0
%) 0.1 0.1 0 0 0 0
{Xa} 0.1 0.1 0 0 0 0
{x1,x2} 0.25 0.05 0.5 0.25 0.25 0.15
{x1,X3) 0.25 0.05 0.25 0 0.25 0.15
{x1,xa} 0.25 0.05 0.25 0 0.25 0.15
{x2,x3} 0.25 0.05 0 0 0 0
{X2,Xa} 0.25 0.05 0 0 0 0
{x3,Xa} 0.25 0.05 0 0 0 0
{x1,X2,X3} 0.5 0.05 0.75 0.25 0.5 0.1
(X1, X2, Xa} 0.5 0.05 0.5 0 0.5 0.1
{x1,x3,Xa} 0.5 0.05 0.25 0 0.25 —0.15
{Xz,X3,X4} 0.5 0.05 0 0 0 0
{X1,X2,X3,X4} 1 0.1 1 0.25 1 04

Note that P, is not only a belief function, but also minitive; its set of (nested) focal ele-
ments is F2 = {{x1}, {21, x2}, {1, 22, X3}, {x1, X2, X3, x4}}. The table above also gives their
disjunction Ap = min{P,, P,} and its associated Mdobius inverse mp, from which we
deduce that Ap is not a belief function because mp({x1, x3,x4}) < 0.
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In fact, the disjunction Ap in the above example is not even 2-monotone:
Ap({x1, x3,x4}) + Ap(fx1}) = 0.35 < 0.5 = Ap({x1, x3}) + Ap({x1, x4}).

On the other hand, the counterexample cannot be established for smaller cardinalities:

Proposition 7.1: Let P,,. .., P, be belief functions defined on a space of cardinality three
X = {x1,x2,x3}. If there exists some i € {1,...,m} such that P; is minitive, then the
disjunction Ap is a belief function.

Proof: 1f P, is minitive, then its focal elements J; are nested. We may assume without loss
of generality that F; C {{x1}, {x1,x2}, {x1, %2, x3}}. This implies that the disjunction satisfies

Ap({x2}) = Ap({x3}) = Ap({x2, x3}) = 0,

and that the Mobius inverse mp of Ap satisfies

mp({x1}) = Ap({x1}),
mp({x1,x2}) = Ap({x1, x2}) — Ap({x1}),
mp({x1,x3}) = Ap({x1, x3}) — Ap({x1}),
mp(X) =1 —mp({x1}) — mp({x1,%2}) — mp({x1, x3}),

and that it is zero otherwise. The monotonicity due to coherence of Ap allows us to deduce
that mp({x1}), mp({x1, x2}) and mp({x1, x3}) are non-negative. On the other hand,

mp(X) =1+ Ap({x1}) — Ap({x1,x2}) — Ap({x1,x3}) > 0,

taking into account that any coherent capacity on a space of cardinality three is 2-
monotone (Walley 1981) and applying the 2-monotonicity condition to A = {x,x,} and
B = {x1,x3}. We deduce that mp is non-negative and therefore Ap is a belief function. W

In spite of Example 7.2, it is possible to obtain some (albeit restrictive) condition for the
disjunction of a belief function and a minitive measure to be a belief function on higher
cardinalities.

Proposition 7.2: Let P, be a belief function and Py, be the vacuous model on a fixed event
V C X given by Equation (8). Then, their disjunction Ap is a belief function.

Proof: Reasoning as in the proof of Proposition 5.2, the disjunction of P, and Py, satisfies

P,(A), ifVCA

0, otherwise.

Ap(A) = min{P) (A4), Py(4)} = [

Now, for a fixed k € N, let us see that Ap is k-monotone, i.e, that Equation (6) holds for
any Aj,...,Ar C X. We consider the following cases:
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Casel AssumethatAy,...,Ax D V. Thisimplies that Uf-‘zlA,- D VandNjerA; 2 Viorany
non-empty I C {1,...,k}, hence:

Ap (UleAi) =P, (ULlAi) > Z (=P (NierAy)

= > DM A4,
BAICL,... K}

where the inequality follows from the k-monotonicity of the belief function P;.
Case 2 Assume that Ay,...,Ax 2 V. This implies that N;efA; 2 V for any non-empty set
I C {1,...,k}, meaning that Ap(NjesA;) = 0 and consequently:

Ap (Uf.‘zlA,-) >0= Z (=D Ap(NierA)).
BAIC(L,....k)

Case 3 Otherwise, assume A; O V and A2V for some i,j € {1,.. ., k}. We may assume
that A;,...,A; 2V and Apyy,...,Ax € V. Hence, taking a non-empty I C
{1,...,k} suchthat IN{I+1,...,k} # @, it holds that N;c;A; 2 V, meaning that
Ap(NierA;) = 0. Hence:

> DM Upied) = D DM AR (Nierd),  (13)
GAIC(L,...k) G£IC{L,...]}
Also, for any non-empty I C {1,...,1} it holds that N;cfA; D V, and consequently
Ap(NicfA;j) = P, (NierA;). This implies that:

Z (_1)|I|+1~AD(mieIAi) = z (_1)|I|+121(ﬁ,’51Ai)

OAIC1,..]} OBAIC1,...]}
<P (U5:1Ai) <P (Ui-;lAi) = Ap (UleAi) (14)

where the first inequality follows from the k-monotonicity of the belief func-
tion P,. Putting Equations (13) and (14) together, we conclude that Ap satisfies
Equation (6).

[ |

The result extends immediately to the case where we aggregate more than two models:

Corollary 7.3: Let P be a belief function and let Py, ..., Py be the vacuous models on the
fixed events Vs, ..., Vi, respectively. Then, their disjunction Ap is a belief function.

Proof: Reasoning as in Proposition 5.2, the disjunction of P, }—)Vz N I—)Vm satisfies

P/(A), ifV,U...UV,CA
0, otherwise.

Ap(A) = [

As a consequence, Ap(P),Py,...,Py ) coincides with Ap(Py, Py, y,), Where
Py.u..uv,, 1s the vacuous model associated with V, U ... U V;,. Applying Proposition 7.2,
we deduce that Ap(P;, Py, ..., Py, ) is a belief function. [}
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7.3. Convex mixtures

It is almost immediate to establish that belief functions are preserved by convex mixtures
(see again (Bronevich 2005) for a more general approach), and moreover to establish a
connection between their focal elements:

Proposition 7.4: Let Py, ..., P, be belief functions with respective Mobius inverses my, ...,
My, and families focal elements 1, ..., Fy,. Consider their convex mixture App with weights
ai,...,0m € (0,1). Then, Ay is a belief function and its set of focal elements is Fpy = F1 U
U T

Proof: Denoting by m)s the Mobius inverse of Ay, it follows that:

mp(A) = > (=D"MVLAYB) = D (=" (Zakzk(m)
k=1

BCA BCA

m m
=> o [ D DMVIRB) | = D armi(A), VACX.
k=1 BCA k=1
Since Py, ..., P,, are belief functions, this allows us to establish that m;(A) > 0 for every
A, whence Ay is also a belief function; and also that m;(A) > 0 if and only if there exists
some k = 1,...,m such that mi(A) > 0. This implies that Fay = F1 U ... U Fy,. |

7.4. Pareto

Itis easy to verify that the capacities in Miranda, Salamanca, and Montes (2025, Example 3),
for which the Pareto rule does not produce a coherent capacity, are in particular belief
functions. As a consequence, this very same counterexample allows us to establish that the
family of belief functions is not closed under this rule.

7.5. Conjunction-disjunction and MCS

The same comments made in Section 5 allow us to establish that the family of belief func-
tions it not closed under the conjunction-disjunction nor the maximal consistent subset
rules. In this case, we do not even have the result in the case of cardinality three, since then
a coherent capacity is always 2-monotone but it need not be a belief function. This can be
seen in Example 7.1, where the maximum of two belief functions is a coherent capacity
(and therefore coincides with the output of the conjunction, CD or MCS rules) but is not
a belief function.

8. Minitive measures

Next, we consider that P, ..., P,, are minitive measures or, equivalently, that their conju-
gate capacities Py, ..., Py, are maxitive. For the forthcoming results, note that the credal set
of a minitive measure P can be equivalently expressed in terms of its conjugate maxitive



26 (&) E.MIRANDA AND I. MONTES

measurel_) as:
M(@P) ={P e P(X):P(A) <P(A)VAC X},

and for this reason we shall also denote it M (P) in this section.

8.1. Conjunction

The study of the conjunction of maxitive measures was the subject of the work carried out
in Miranda, Troffaes, and Destercke (2015). The conjunction of two maxitive measures P,
and P; is the upper envelope of the intersection M (P1) N M (P5):

E(A) = max {P(A) : P € M(P}) N M(P,)}, (15)

and it is the conjugate of the conjunction Ac of the minitive measures P; and P,. In
other words, E = Ac. The following result was established in Miranda, Troffaes, and
Destercke (2015)8:

Theorem 8.1 (Miranda, Troffaes, and Destercke 2015): Let P; and P, be two maxitive mea-
sures, define P = min{P, P} and let E be the upper envelope of M(P1) N M(P,) as in
Equation (15). It holds that:

(i) P is maxitive if and only if

(m}g E({xj})) ¥ {x1,x2) € X

i=

min { max P;({x; = max
i=1,2 6_1,2 il ]})) =12
(i) If P is maxitive, then so is E; however, the converse is not true.

(iii) If Py and P, are strictly positive on singletons, then E is maxitive if and only if P is.

It was also established in Miranda, Troffaes, and Destercke (2015, Example 5) that the
minimum of two maxitive measures may not be maxitive, even if it is coherent; in the
notation of the theorem above, this means that P = E does not imply that they are maxitive.
Next we reformulate the example so as to show that the family of minitive measures is not
closed under conjunction:

Example 8.1: Consider X' = {x;,x, x3} and let P, and P, be the minitive measures given
in the following table:

A ) el o) Paxs) {xoxs)
Pi(A) 0.5 0 0 0.5 0.5 0

P, (A) 0 05 0 1 0 05
max{P, (A),P,(A)} 05 05 0 1 05 05

We observe that max{P;, P,} is coherent because it is a probability measure, meaning
that it coincides with A, but it is not minitive since the disjoint events {x;} and {x,} are
focal elements, meaning that the focal elements are not nested.
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8.2. Disjunction

Concerning the disjunction, it is quite straightforward to see that the minimum of minitive
measures is again minitive and it is also possible to establish some relationship between
their focal elements:

Proposition 8.2: Let P, ..., P,, be minitive measures with sets of focal elements F, ...,
Fms respectively. Then, the disjunction Ap is also minitive, and its set of focal elements Fp
satisfies F1 N ... N Fp, C Fp.

Proof: Consider two events A, B. The monotonicity due to coherence of Ap implies
that Ap(A N B) < min{Ap(A), Ap(B)}. To see the converse, assume that Ap(A N B) =
P,(A N B). Since P; is minitive, we deduce that

Ap(A N B) = P;(AN B) = min{P;(A), P;(B)} > min{Ap(4), Ap(B)},

whence Ap is minitive.
To see the second part, observe that if A is a focal element of all of Py, ..., P,, then it
holds that

from which it follows that
Ap(A) = min{P,(A),...,P,,(A)} > max{Ap(B) : B C A}
and therefore that A is a focal element of Ap. |

Note that the inclusion between the focal elements in the above proposition may be
strict: if for instance P, and P, are the minitive measures on X = {x1, x2, x3} with respec-
tive focal elements F; = {x;} and F, = {x»}, then Ap = min{P,,P,} is the minitive
measure whose only focal element is {x;, x3}.

8.3. Convex mixtures

While belief functions are preserved under convex mixtures, it is quite easy to establish
that minitive measures are not; for this, observe that the convex mixture of two minitive
measures will not be minitive as soon as the capacities assign strictly positive values to
different singletons, since this prevents the focal elements from being nested. This said,
following a similar reasoning as in Proposition 9.3, we can characterise in which cases the
convex mixture of minitive measures is again minitive:

Corollary 8.3: Let P,,...,P,, be minitive measures with sets of focal elements F, ..., Fi,
respectively. Consider their convex mixture Ay with weights a1, ..., 0, € (0,1). Ay isa
minitive measure if and only if the set F1 U ... U F,, is totally ordered by means of set
inclusion.

Proof: This is an immediate consequence of Proposition 7.4 and the characterisation of
minitive measures in terms of their focal elements. u
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8.4. Pareto rule

That minitivity is not preserved by the Pareto rule can already be seen from Example 8.1,
given that in that case the Pareto rule agrees with the conjunction. In our next example
the Pareto rule does not agree with the conjunction, even if the latter produces a coherent
capacity. This implies immediately that the output of the Pareto rule avoids sure loss but is
not coherent, let alone minitive.

Example 8.2: Consider X’ = {x},x2,x3} and let P, and P, be the minitive measures given
in the following table:

A b et el aaxd baosl axst {xaaxe )
Pi(A) 0.3 0 0 0.3 0.5 0 1
P, (A) 0 0.4 0 0.4 0 0.6 1
max{& (A),£2 (A)} 0.3 0.4 0 0.4 0.5 0.6 1
min{P1(A),P2(A)) 04 05 06 1 06 0.7 1

The Pareto rule gives Ap = max{P,, P,}, that is not a minitive measure; it is not even
coherent, since it violates superadditivity: Ap({x1, x2}) < Ap({x1}) + Ap({x2}).

The example also serves as an illustration of Corollary 8.3: for any convex mixture a P; +
(1 —a)P, with a € (0, 1), the set of focal elements is

{{x1}, {1, 23}, {61, x2, X3}, {x2), {2, x3}}

and as a consequence it is not a minitive measure.

8.5. CD and MCS rules

Example 8.1 shows that the conjunction of two minitive measures need not be minitive.
Since in that case the conjunction rule gives a coherent capacity, it coincides with the output
of the conjunction-disjunction and the maximal consistent subsets rules.

9. p-boxes

The last model to be analysed in this paper are p-boxes. Assume thus that P, ..., P, are
p-boxes defined on an ordered space X = {x1,...,x,} and that they are determined by
(Fy» 1_31), veor (B 1_7m), respectively.

9.1. Conjunction

We begin by analysing the conjunction. It is not difficult to establish a result akin to that
stated in Proposition 6.1 for probability intervals.

Proposition 9.1: Let P,, ..., P, be p-boxes determined by (F,F,), ..., (E,,, E), respec-
tively. Their conjunction Ac is a p-box if and only if M(F,,F1) N ... N M(E,,,Fp) # 0.
In that case, it is determined by (max;—1, _m F;, minj—;,__n F).
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Proof: On the one hand, if the intersection of the credal sets is empty, the conjunction
does not avoid sure loss, hence it cannot be a p-box.
On the other hand, if the intersection of the credal sets is non-empty, we get:

M(E,F)N...0 M(E,,EFy)
={PeP(X):F,<Fp<F Vi=1,...,m}

= {P eP(X): max F, < Fp< min F;; = M(F,F),
i=1,....m i=1,....m

where F = max;=), n F;and F = min;—;__, F;. [ |

,,,,,

9.2. Disjunction

Regarding the disjunction, the next example shows that it does not necessarily lead to a p-
box, in the sense that the resulting model is not determined by its values on the cumulative
events.

Example 9.1: Let us consider a three-element ordered possibility space X = {x1, x2, x3}
and the p-boxes P; and P, determined by (E,, F;) and (E,, F,), whose values are reported
in the following table:

X1 X2 X3
(F,F1)  [0,0] [0,05] [1,1]
(FpFr) [051] [L1] [1,1]

>

Their credal sets can be expressed as:
M (E|,F1) ={PeP(X):F, <Fp <F}
= {P e P(X) : P({x1}) = 0, P({x2}) € [0,0.5]}
={P=(0,a,1—a):a € [0,0.5]}.
M (Fy,F,) = (P e P(X): F, < Fp < Fy}
= {P e P(X) : P({x3}) = 0, P({x1}) € [0.5,1]}
={P=(01-4,5,0):  €[0,0.5]}.
The credal set of the disjunction can be expressed as:
M(Ap) = CH (M (E},F1) UM (E,,F>)) = {P € P(X) : P({x2}) < 0.5}.
Restricted to cumulative events, Ap satisfies:

Ap(txi}) = Ap({x1,%2)) = 0, Ap(x1)) = Ap({x1,%2}) = 1.
Hence, if Ap were a p-box, then it should be determined by:

X1 X2 X3

(EF) [01] [0,1] [1,1]

However, its associated credal set is M (F, F) = P(X), which clearly differs from M (Ap).
We conclude that the disjunction is not a p-box in general.
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Nevertheless, and similarly to the case of probability intervals, it is not difficult to deter-
mine the unique undominated outer approximation of the disjunction of a finite number
of p-boxes:

Proposition 9.2: Let Py, ..., P, be p-boxes determined by (F,F1), ..., (E,,, Fm), respec-
tively. Consider F and F given by F = min;—1, _ F; and F = max;_y, m F;. Then, the
capacity obtained as the lower envelope of M(F,F) is the unique undominated outer
approximation of the disjunction Ap in the family of p-boxes.

Proof: To see that the lower probability P determined by (F, F) is an outer approximation
of the disjunction, note that

P>Ap< P> min P

i=1,...,.m

= min F;(xj) < Fp(x)) < _fmax Fi(x) @ F<Fp <F.
i=1,...,m i=1,...,m

This also shows that any other p-box (F*,F") that outer approximates Ap must satisfy
F* < Fand F* > F, from which it follows that (F, 1_3) is the unique undominated outer
approximation. |

9.3. Convex mixtures

Concerning convex mixtures, we can use a similar reasoning as in Proposition 7.4 to
characterise in which cases p-boxes are preserved by convex mixtures.

Proposition 9.3: Let Py, ..., P,, be p-boxes determined by (F,F1), ..., (E,,, F), respec-
tively, and denote by F1, ..., Fy, their set of focal elements. Consider their convex mixture
Apm with weights ay, . .., 0, € (0,1). Ay is a p-box if and only if the set Fi U ... U Fpy, is
formed by ordered intervals, in the sense of Equation (9).

Proof: From Proposition 7.4 we know that the set of focal elements of the convex mixture
Ap is Fir U ... U Fy. It suffices then to apply that a belief function is a p-box if and only
if the focal elements are ordered intervals in the sense of Equation (9). [ |

9.4. Pareto

The Pareto rule applied to p-boxes may give rise to a non-coherent capacity, that is therefore
not a p-box. This is illustrated in the following example.

Example 9.2: Consider the ordered possibility space X = {x1, x2, x3} and the p-boxes P,
and P, given by:

{x1} {x2) {x3) {x1,x} {x1,x3} {x2,x3}

P, 03 0 03 0.3 0.6 0.4
P, 06 04 0.7 0.7 1 0.7
P, 0 0 05 0.1 0.5 0.8

P, 02 05 09 0.5 1 1
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They are determined by (F,, F;) and (F,, F,) whose values are given in the following table:

X1 X2 X3
(E,,Fy) [03,0.6] [0.3,0.7] [1,1]
(E,,F,) [0,02] [0.1,0.5] [1,1]

The Pareto rule takes the following values:

{x1} {x2} {x3}) {x1,x2} {x1,x3}  {x2,x3}
Ap 0.2 0 0.5 0.3 0.6 0.7

Itis not coherent since it violates super-additivity: Ap({x1, x3}) = 0.6 < 0.7 = Ap({x1}) +
Ap({x3}). Consequently, it is not a p-box either.

In this example, the maximum of the capacities avoids sure loss and as a consequence
coincides with the output by the Pareto rule, but is not coherent. When the maximum of the
capacities is coherent, then by Miranda, Salamanca, and Montes (2025, Proposition 7) the
Pareto rule agrees with the conjunction, and therefore produces a coherent capacity that is
moreover a probability box, by Proposition 9.1. That would be then a sufficient condition
for the Pareto rule to be closed within the family of p-boxes.

9.5. Conjunction-disjunction and MCS

Since the disjunction of p-boxes need not be a p-box, we immediately deduce that the
conjunction-disjunction rule is not a closed operator in the family of probability boxes. On
the other hand, when the models are compatible, i.e. when the intersection of all the credal
sets is non-empty or max;—1, » P; avoids sure loss, then the conjunction-disjunction rule
coincides with the conjunction and, from Proposition 9.1, determines a p-box. Similar
comments apply to the MCS rule.

10. Conclusions

In this paper, we address the problem of aggregating a finite number of imprecise proba-
bility models of a given family, and we analyse whether certain aggregation rules yield an
aggregated model that belongs to the same family. While none of the common aggrega-
tion rules is closed for all models, in some cases we have found sufficient conditions that
guarantee that the rule is closed. A summary of the results is provided in Table 1.

While all the aggregation rules save for Pareto preserve coherence as soon as there exists
a probability measure that is compatible with all the models, they are not necessarily closed
once we focus on some particular subfamilies of coherent lower previsions. Although in
this paper we have established some sufficient conditions for the aggregated model to be in
the same family as the sources, a much deeper study is needed in order to completely char-
acterise these rules, similarly to what was done in Miranda, Troffaes, and Destercke (2015)
for the conjunction of possibility measures.

When the aggregated model does not belong to the same family, two main avenues
appear before us: we may on the one hand look for (possibly unique) inner (Miranda and
Montes 2023) or outer (Montes, Miranda, and Vicig 2018, 2019) approximations of the
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aggregated model; or we may also propose other rules that are tailor-made for that spe-
cific family. As an illustration, in the case of belief functions we may look for a rule that
distributes the mass among all possible focal elements, using aggregation rules for precise
probabilities.

The finiteness of both the possibility space X and the number of models to be aggregated
has been an essential assumption in this paper. The extension to infinite spaces is relatively
simple, although in some cases, such as belief functions, we should take into account some
continuity properties (Shafer 1979). A more delicate matter that should be addressed care-
fully would be the aggregation of an infinity of models. Here issues of compactness and
continuity should be considered.

One topic we have not discussed in this already long paper are the other rationality
criteria that were considered in Miranda, Salamanca, and Montes (2025). In this respect, we
should investigate (a) whether some of the properties that a rule does not satisfy in general
can be shown to hold when we restrict its domain to a particular subfamily of coherent
lower previsions; and (b) if the rationality criteria may be suitably reformulated for such
subfamilies taking into account their specific features. Another interesting study would be
to consider other models such as comparative probabilities in a wider sense, where the
comparisons are made between events and not only between singletons. For this purpose,
the results in Erreygers and Miranda (2021) may be of interest. And finally, some suitable
modifications of conjunction that may allow to achieve coherence (Quaeghebeur 2015),
for instance based on distortions of credal sets (Nieto-Barba, Miranda, and Montes 2026;
Nieto-Barba, Montes, and Miranda 2025) or second order models (Troffaes 2006), may be
useful as a tool to address the conflict between imprecise probability models.

Notes

1. The general approach to comparative probabilities is based on considering a set C formed by
pairs of events (A, B), understood as “the probability of A is at least as large as that of B> However,
this general case is more involved: for starters, there may not exist a probability measure that
satisfies all the assessments, and, when there is, the number of extreme points of the associated
credal set may be much larger than when the comparisons are made on singletons only, as shown
in Erreygers and Miranda (2021).

2. Note that there many other rules that have been proposed in the literature, particularly in the
context of belief functions (Bronevich and Rozenberg 2015a; Denoeux 2021; Destercke, Dubois,
and Chojnacki 2007; Lefévre, Colot, and Vannoorenberghe 2002); our choice in this paper has
been of those that are applicable for arbitrary lower previsions, and those whose rationality does
not hinge on the evidential interpretation of Dempster-Shafer theory.

3. When C; N...NCy = @, we obtain an empty set of comparisons, meaning that it determines
a vacuous comparative probability on X whose credal set is P(X).

4. Following the terminology in Montes, Miranda, and Vicig (2018) and Montes, Miranda, and
Vicig (2019), Q is an outer approximation of a lower prevision P if Q < P or, equivalently, if
M(@Q) 2 M(P).

5. We say that Q is an undominated outer approximation of P in a family H if it is an outer
approximation, Q € H and there is no other outer approximation Q' € H of P satisfying Q" >
Q.

6. See (Bronevich 2005) for a more general result in terms of aggregation functions.

7. Notice the difference with the situation depicted in Example 5.1: while the conjunction is not
a closed rule in the class of 2-monotone capacities, it is closed if we focus on the subclass of
probability intervals.
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8. See also (Bronevich 2001) for an earlier study of point (i) of this theorem.
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